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Abstract. In this paper we define a relative rigid fundamental group, which 
associates to a section p of a smooth and proper morphism / : X — > S in 
characteristic p, with dim 5 = 1, a Hopf algebra in the ind-category of over- 
convergent isocrystals on S. We prove a base change property, which says that 
the fibres of this object are the Hopf algebras of the rigid fundamental groups 
of the fibres of /. We explain how to use this theory to define period maps as 
Kim does for varieties over number fields, and show in certain cases that the 
targets of these maps can be interpreted as varieties. 



Introduction 

Let K be a number field and let C/K be a smooth, projective curve of genus g > 1, 
with Jacobian J. Then a famous theorem of Faltings states that the set C (K) of 
K rational points on C is finite. The group J (K) is finitely generated, and under 
the assumption that its rank is strictly less than g, Chabauty in [17] was able to 
prove this theorem using elementary methods. His method works as follows. Let v 
be a place of K, of good reduction for C, and denote by C v , J v the base change to 
K v . Then Chabauty defines a homomorphism 

(1) \oz:J{K v )^H Q (j v ,Sl\ IKv 

and shows that there exists a non zero linear functional vanishing on the image of 
J(K). He then proves that pulling this back to J (K v ) gives an analytic function 
on J (K v ), which is not identically zero on C (K v ), and which vanishes on J (K). 
Hence C (K) C C (K v ) (~l J (K) must be finite as it is contained in the zero set of a 
non-zero analytic function on C (K v ). 

In [35], Kim describes what he calls a 'non-abelian lift' of this method. Fix a point 
p € C (K). By considering the Tannakian category of integrable connections on 
C v , one can define a "de Rham fundamental group" U dK — irf K (C v ,p), which is 
a pro-unipotent group scheme over K v , as well as, for any other x € C (K v ), path 
torsors P dR (x) = tt^ (C v , x,p) which are right torsors under C7 dR . These group 
schemes and torsors come with extra structure, namely that of a Hodge filtration 
and, by comparison with the crystalline fundamental group of the reduction of C v , 
a Frobenius action. He then shows that such torsors are classified by U dK /F°, and 
hence one can define 'period maps' 

(2) Jn :C(K v )^U dR /F° 

where t/ dR is the nth level nilpotent quotient of U dR . If n = 2 then j n is just 
the composition of the above log map with the inclusion C (K v ) — > J (K v ). By 
analysing the image of this map, he is able to prove finiteness of C (K) under 
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certain conditions, namely if the dimension of U^/F is greater than the dimen- 
sion of the target of a global period map defined using the category of lisse etale 
sheaves on C. Moreover, when n = 2, this condition on dimensions is essentially 
Chabauty's condition that rank^ J (K) < genus (C) (modulo the Tate-Shafarevich 
conjecture!). 

Our interest lies in trying to develop a function field analogue of these ideas. The 
analogy between function fields in one variable over finite fields and number fields 
has been a fruitful one throughout modern number theory, and indeed the analogue 
of Mordell's conjecture was first proven for function fields by Grauert. In this 
report we discuss the problem of defining a good analogue of the global period 
map. This is defined in [35] using the Tannakian category of lisse Q p sheaves on 
X, and this approach will not work in the function field setting. Neither p-adic 
nor £-adic etale cohomology will give satisfactory answers, the first because, for 
example, the resulting fundamental group will be moduli dependent, i.e. will not 
be locally constant in families (see for example |H]), and the second because the t- 
adic topology on the resulting target spaces for period maps will not be compatible 
with the p-adic topology on the source varieties. Instead we will work with the 
category of overconvergent isocrystals. 

Let K be a finite extension of F p (£), and let k be the field of constants of K, 
i.e. the algebraic closure of ¥ p inside K. Let S be the unique smooth projective, 
geometrically irreducible curve over k whose function field is K. If C/K is a smooth, 
projective, geometrically integral curve then one can choose a regular model for C . 
This is a regular, proper surface X/k, equipped with a flat, proper morphism 
/ : X — » S whose generic fibre is C/K. Let S C S be the smooth locus of /, and 
denote by / also the pullback f : X —} S. The idea is to construct, for any section 
p of /, a 'non-abelian isocrystal' on S whose fibre at any closed point s 'is' the rigid 
fundamental group 7I"" 8 (X s ,p s ). The idea behind how to construct such an object 
is embarrassingly simple. 

Suppose that / : X —> S is a Serre fibration of topological spaces, with con- 
nected base and fibres. If p is a section, then for any s £ S the homomorphism 
7Ti {X,p (s)) —¥ 7ri (S, s) is surjective, and 7Ti (5 1 , s) acts on the kernel via conjuga- 
tion. This corresponds to a locally constant sheaf of groups on S, and the fibre 
over any point s € S is just the fundamental group of the fibre X s . This approach 
makes sense for any fundamental group defined algebraically as the Tannaka dual 
of a category of 'locally constant' coefficients. So if / : X — > S is a morphism of 
smooth varieties with section p, then /* : ir^ x [X 1 x) — > ir^ s (S, s) is surjective, and 
71"-^ s (S, s) acts on the kernel. Here C(_) is any appropriate category of coefficients, 
for example vector bundles with integrable connection, unipotent isocrystals etc., 
and e.g. irf x {X, x) is the Tannaka dual of this category with respect to the fibre 
functor x* . This gives the kernel of /* the structure of an 'affine group scheme over 
Cs\ and it makes sense to ask what the fibre is over any closed point s £ S. The 
main theorem of the first chapter is the following. 

Theorem. It 1.21]) . Suppose that f : X — > S is a smooth morphism of smooth 
varieties over a field k of characteristic zero. Assume that f has geometrically 
connected fibres, and that S is a geometrically connected affine curve. Assume 
further that X is the complement of a relative normal crossings divisor in a smooth 
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and proper S -scheme X . Let Cs be the category of all vector bundles with a regular 
integrable connection on S , and let Cx be the category of vector bundles with a 
regular integrable connection on X which are iterated extensions of those of the 
form f*S ', with S" € Cs- Then the fibre of this affine group scheme over s € S is 
the de Rham fundamental group nf (X s ,p s ) of the fibre. 

Thus with strong hypotheses on the base S, we have a good working definition of a 
relative fundamental group. We would ideally like to remove these hypotheses, and 
it seems as though a good way to do this would be to use the methods of 'relative 
rational homotopy theory' similar to Navarro- Aznar's work in |38j . In positive 
characteristic at least, this approach will be taken up in future work. 

In Chapter 2 we discuss 'path torsors' in the relative setting. We show in particular 
that for any other section q of / one can define an affine scheme irf n (X/ S, q,p) 
over S which is a right torsor under irf R (X/S,p). Moreover, the structure sheaf 
of this scheme, considered as a quasi- coherent ^s-algebra, has an integrable con- 
nection, and the action map is compatible with these connections. We also show 
how to consider the nth level quotients of irf R (X/S,p) by its lower central series 
as non-abelian crystals on the infinitesimal site of S, and show that the torsors 
irf n (X/S, q,p) give rise to classes in the cohomology of these crystals. The upshot 
of this is then the definition of maps 

(3) Jn :X(S)^ H 1 (5 inf ,^ R (X/S,p) n ) 

which are a coarse characteristic zero function field analogue of Kim's global period 
maps. Of course, if we were really interested in the characteristic zero picture, we 
would want to proceed to put Hodge structures on these objects, and thus get finer 
period maps. However, our main interest lies in the positive characteristic case, 
and so we don't pursue these questions. 

In Chapter 3 we define the relative rigid fundamental group in positive charac- 
teristic, mimicking our definition in characteristic zero. Instead of the category 
of vector bundles with regular integrable connections, we consider the category of 
overconvergent F-isocrystals. We then proceed to use Caro's theory of cohomo- 
logical operations for arithmetic ^-modules in order to prove the analogue of the 
above theorem in positive characteristic. Although sufficient for our ultimate end 
goal, where we only need to work over base curves and not over higher dimensional 
varieties, it would be pleasing to have a formalism that worked in greater generality. 
As mentioned above, this will will form part of a future work. 

The upshot of this is that for a smooth and proper map / : X —> S with S a geo- 
metrically connected smooth curve over a perfect field k of positive characteristic, 
and a section p of /, we can define an affine group scheme 7r" g (X / S ', p) over the 
category of overconvergent F-isocrystals on S/K, which we call the relative funda- 
mental group at p. (Here K is & complete discretely valued characteristic zero field 
with residue field k). The fibre of this over any point s £ S is just the unipotent 
rigid fundamental group of the fibre X s of / over s. As in the zero characteristic 
case, the general Tannakian formalism gives us path torsos iv^ s (X/S,p,q) for any 
other q € X(S), and hence we can define a period map 
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where the RHS is a classifying set of F-torsors under Tr[ ls (X / S , p) , as well as fi- 
nite level versions given by pushing out along the quotient map ir^lX/S, p) 
7r" s (X/ S,p) n . If the base field is finite, then we take a slightly different approach 
to the period maps. We 'forget' the F-structure on 7r" s (X / S ', p) that comes from the 
Tannakian formalism, and instead define one by functoriality that we can easily re- 
late to the usual linear Frobenius defined on the unipotent rigid fundamental group 
by Chiarellotto in 18 . This defines a Frobenius action on H^ ig (S, ir" s (X / S , p)) , 

the classifying set of torsos under 7r" s (X/ S,p) (without F-structure), and the fact 
that path torsors can also be equipped with this 'different' F-structure tells us that 
the image of the period map 

(5) X(S)^H\ e (S,n^(X/S 7 p)) 

lands inside the part fixed by Frobenius. Of course the same holds for the finite 
level versions. We expect the two Frobenius structures to coincide, but we cannot 
prove this at the moment. Finally, we give the structure of an affine if-scheme to 
the target space 

(6) H^sy^ix/sM^ 1 

of the period maps, under very restrictive assumptions on the morphism / : X — > S. 
To do this, we use the fact that we can calculate this H 1 as equivariant torsos 
for the action of a groupoid on a unipotent group. This latter interpretation is 
then amenable to the original argument of Kim, at least in very special circum- 
stances. 

We are still a long way away from getting a version of Kim's methods to work for 
function fields. There is still the question of how to define the analogue of the 
local period maps, and also to show that the domains of the period maps have the 
structure of varieties. Even then, it is very unclear what the correct analogue of 
the local integration theory will be in positive characteristic. There is still a very 
large amount of work to be done if such a project is to be completed. 
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1. DE RHAM FUNDAMENTAL GROUPS OF SMOOTH FAMILIES IN CHAR 

Let / : X — > S be a smooth morphism of smooth complex varieties, and suppose 
that / admits a good compactification, that is there exists X smooth and proper 
over S, an open immersion X <^-> X over S, such that D = X\X is a relative normal 
crossings divisor in X. Let p S X (S) be a section. For every closed point s G S with 
fibre X s , one can consider the topological fundamental group G s := 7Ti (X an ,p (s)), 
and as s varies, these fit together to give a locally constant sheaf m (X/S,p) on 
S™. Let 

(7) U (Lie G s ) := hmC[G s ]/a n 

denote the completed enveloping algebra of the Malcev Lie algebra of G s , where 
a C C[G S ] is the augmentation ideal. According to Proposition 4.2 of [50] . as s 
varies, these fit together to give a pro-local system on S an , i.e. a pro-object W* op 
in the category of locally constant sheaves of finite dimensional C-vector spaces 
on S aa . (Their theorem is a lot stronger than this, but this is all we need for 
now). According to Theoreme 5.9 in Chapter II of [21] , the pro- vector bundle with 
integrable connection U p op ®c has a canonical algebraic structure. Thus given 
a smooth morphism / : X — > S as above, with section p, one can construct a pro- 
vector bundle with connection IA P on S, whose fibre at any closed point s S S is the 
completed enveloping algebra of the Malcev Lie algebra of tti (Xf n ,p (s)). 

Remark 1.1. We briefly recall the definition of this completed enveloping algebra. 
Suppose that g = hjru Qi is a pro-nilpotent Lie algebra (with each Qi algebraic and 
nilpotent). For each i consider the universal enveloping algebra U (Qi), as well as 
its completion U (Qi) with respect to the augmentation ideal. Then the completed 
enveloping algebra of q is defined to be 

(8) U(Q):=lhnU(Q l ). 

i 

If q is the Malcev Lie algebra of 7Ti (Xf n ,p(s)), then U (q) can be constructed 
algebraically, as q is equal to Lie irf K (X s ,p s ), the Lie algebra of the Tannaka 
dual of the category of unipotent vector bundles with integrable connection on X s . 
(For more details on Tannaka duality and integrable connections, see the following 
sections). Thus the following question suggests itself. 

Question 1.2. Is there an algebraic construction of U p ? 

We will not directly answer this question - instead we will construct a pro-system Jzf p 
of Lie algebras with connection on S, that is very closely related to U p . However, this 
construction is slightly unsatisfactory at the moment - we still rely on topological 
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methods to prove that it is the object we think it is. We will return to this question 
later. The way we will construct Jzf p is very simple, and is closely related to ideas 
used in |44j to study relatively unipotent mixed motivic sheaves. In order to explain 
the construction, we must first discuss integrable connections and regularity, as well 
as some basic theory of Tannakian categories. 

Definition 1.3. To save ourselves saying the same thing over and over again, we 
make the following definition. A 'good' morphism is a smooth morphism / : X — > S 
of smooth varieties over a field fc, with geometrically connected fibres and base, such 
that X is the complement of a relative normal crossings divisor in a smooth, proper 
S'-scheme X. A relative normal crossings divisor is a normal crossings divisor on X, 
such that every irreducible component is etale over S. The motivation behind this 
definition is that if k = C, then topologically such a morphism is a Serre fibration, 
and indeed one might be tempted to call such a morphism an algebraic fibration. 

1.1. Tannakian categories. Our main references for this section are [22] and |37j . 
Let k be a field. A Tannakian category T over k is a rigid abelian /c-linear tensor 
category such that: 

• End(l) = k, where 1 is the unit object for the tensor structure on T. 

• T admits a faithful, exact, fc-linear tensor functor to Vec^', the category of 
finite dimensional fc'-vector spaces, for some field k! jk. 

A functor ui :T — > Vec*/ as above is referred to as a fibre functor. If there exists a 
fibre functor to with k' = k, then we say that T is neutral. Note that the particular 
fibre functor uj is not part of the data for T, merely the fact that such a functor 
exists. 

Example 1.4. If G is an affine group scheme over k, then Rep fc (G) is a neutral 
Tannakian category, with fibre functor uj taking a representation to its underlying 
vector space. 

Theorem 1.5. ( \3T§ , Theorem 2.11). Let T be a neutral Tannakian category 
over k, and let uj : T — >■ Vecfe be a fibre functor. Then the functor on k-algebras 
R h-> Aut® (uj (— ) ®fe R) is representable by an affine group scheme G = Gk (T, uj) 
over k, moreover uj induces an equivalence of categories T — > Rep fe (G) such that uj 
corresponds to the functor taking a representation to its underlying vector space. 

The group scheme Gk (T, uj) is often referred to as the Tannaka dual of T with 
respect to uj, we will often omit the subscript k from the notation. If T is a 
Tannakian category over k, then in Section 5 of [52] it is discussed how to do 
very rudimentary algebraic geometry over T ■ The tensor product in T extends to a 
tensor product in Ind (T), the category of Ind-objects of 7", and there one can define 
commutative algebras, Hopf algebras, modules etc. entirely arrow theoretically. 
For example a commutative 7~-algebra is an object A € Ind (T) together with 
morphisms m : A <E> A —> A and u : 1 — ?► A such that 
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The diagrams 



/^\ A A A m(g>id A A 

(9) A® A® A > A®A 



A® A- 



-> A® A 



id®m 

A® A — 
commute. 



• The composite morphisms 



(10) 



A f A® A- 



-> A 



. uigiid • • m . 
A > A® A > A 

are both the identity. 

The categories of affine schemes and affine group schemes over T are then defined 
formally as the opposite categories of commutative T-algebras and Hopf T algebras 
respectively. Note that if X is an commutative T-algebra (resp. Hopf algebra, affine 
scheme, affine group scheme) and lj : T — > Vecfc< is a fibre functor, then to (X) is a 
commutative fc'-algebra (resp. Hopf algebra, affine fc'-scheme, affine group scheme 
over k 1 ). If A is a commutative (Hopf) T-algebra then we will write Sp (A) for the 
corresponding affine (group) scheme over T, and if X is an affine (group) scheme 
over T we will write Gx for the corresponding commutative (Hopf) algebra over 

r. 

Example 1.6. If T = Rep fc (H) for some affine group scheme H over fe, then an 
affine (group) scheme over T is simply an affine (group) scheme over k together 
with an action of H . 

Example 1.7. We will see later that the category T = IC (X) of regular integrable 
connections on a smooth, geometrically connected fc-scheme X is neutral Tannakian 
over k. In this case an affine (group) scheme over T is an affine (group) scheme 
7r : Y — >• X together with a regular connection on 7r»^y as a quasi-coherent (Hopf) 
^x-algebra, such that 7r»^V, as a quasi-coherent sheaf with connection, is the union 
of its coherent horizontal sub-bundles. 



If T is a Tannakian category, then one can talk about fibre functors taking values in 
categories more general that Vect' . Indeed, if S is any fc-scheme, let Qcoh (S) denote 
the category of quasi-coherent sheaves on S. A fibre functor u : T — > Qcoh (S) is 
then, as before, an exact, faithful, /c-lincar tensor functor. Note that any such 
functor must take values in the subcategory of locally free sheaves of finite rank. 
If wi, u>2 : T —> Qcoh (S) are two fibre functors, then a morphism from wi to ui2 is 
a natural transformation which respects the tensor product structure. According 
to Section 5.11 of [22 , to give an T-algebra (resp. affine scheme over T, affine 
group scheme over T, homomorphism of T-algebras etc.) is equivalent to giving 
a quasi- coherent £?g-algebra (resp. affine S'-scheme, affine group scheme over S, 
homomorphism of 1^5-algebras) for each fibre functor uj : T — > Qcoh (S), which 
is functorial in to. We will use this fact throughout. Key to our approach is the 
following theorem, as will become apparent later. 
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Theorem 1.8. ( \22\j . Section 6.1). Let T be a Tannakian category over k. Then- 
there exists an affine group scheme tt (T) over T , such that for every fibre functor 
to : T — > Qcoh (S), uj (tt (T)) represents the functor on S -schemes 

(11) (/:T^S)^Aut®(/*oa;). 

Moreover, if u : T — > T 1 is an exact k -linear functor between Tannakian categories, 
then it induces a homomorphism tt (T 7 ) — > u(tt(T)) of affine group schemes over 
V. 

Remark 1.9. In keeping with our notation for S — Spec(fc), we will often write 

Example 1.10. If T = Rep fc (G) then 7r (T) is the affine group scheme over T given 
by G with the action on itself by conjugation. 



We finish this section with a simple Lemma which we will use later on to compare 
Tannakian categories over different fields. So lot T be a Tannakian category over 
a field fc, and let L/k be a finite extensions. We define the category T <E>k k' of k'- 
modules in T to be the category of pairs (X, a) where X € T and a : k' — >• End^X) 
is a fc-algebra homomorphism. Morphisms are dfincd in the obvious way, and in 
Section 3.10 of [37] it is shown how to construct a base extension functor T — > 
T <E>k k'. Moreover, it is shown there that if u> : T — > Vecfe' is a fibre functor, then 
there is a canonical extension u>' : T <8>fc k' ~> VeCfc' such that the diagram 

(12) T >T® k k' 




Vecfc' 

commutes up to canonical isomorphism. We would like a slight generalisation of 
this result. 

Lemma 1.11. Let C be a neutral Tannakian category over k' , and let n : T — ^ C 
be an exact, k-linear tensor functor. Then there exists an exact, k' -linear functor 
rf : T ®k k' — > C such that the diagram 

(13) T >T® k k' 

commutes up to canonical isomorphism. 



Proof. Let {X,a) be an object of T ® k k' . Then (Y, 13) := (r](X),r](a)) is a k'- 
module in C. Choose an equivalence C = Rep fc /(G), then the fc'-module structure 
of Y means that Y becomes a k' ®k fc'-module. Let / C k' ®k k' denote the ideal 
of the multiplication map. Then one easily checks that IY C Y is a G-subspace, 
and we define n' (X, a) = Y/IY. This does not depend on G, and is the extension 
to 7k 1 we are looking for. □ 
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1.2. Regular connections. The main reference for this section is [21]. For the 

rest of this chapter we assume that our ground field k is of characteristic zero. Let 
X/k be a smooth, geometrically connected variety. Let S be a vector bundle on 
X, i.e. a locally free (^-module of finite rank. An integrable connection on § is a 
homomorphism of sheaves V : S — > § ®ff x ^x/k sucn that: 

• V(/e) = e<g>d/ + /V(e). 

• The composite morphism 

(14) g 4 S ® ex n x / k -> ^ ^A/ fc 

e®wH-V(e)Atj + e®(iu 

is zero. 

The first condition is known as the Leibniz rule. A morphism of vector bundles 
with integrable connections is a morphism of the underlying vector bundles which 
commutes with the connections. Such morphisms are called horizontal. If X is 
a complex manifold then there is an analogous notion of a vector bundle with 
integrable connection on X, and if k = C then there is an analyitification functor 
(& , V) i — y (<^ an , V an ) from vector bundles with integrable connection on X to those 
on A an . We will often be sloppy and refer to § as an integrable connection on 
X. 

Theorem 1.12. Suppose that X/C is proper. Then the analytification functor 
[to, V) i— > (<? an , V an ) is an equivalence of categories between vector bundles with 
integrable connection on X and those on A an . 

In [21], Deligne shows how to extend these results to X not necessarily proper. 
One can always choose a good compactification X X, i.e. an open immersion 
of X into a smooth and proper variety X/k such that the complement D := X jX 
is a normal crossings divisor. Then Q.L (log D) is defined to be the sheaf of 

differentials with logarithmic poles along D. In local co-ordinates z\, . . . , z n on X 
such that D is given (etale locally) by z\ . . . = then sheaf is defined by 

k j n 

(15) QL /k (logD) = 0^ © ff^zj. 

i=l 1 j=k+l 

There is a canonical differential d : 6^ — > ^^/k ^ an< ^ ^ ^ 1S a vec ^ or bundle 
on X, there is an obvious notion of a logarithmic integrable connection on S. 

Definition 1.13. A vector bundle with integrable connection (<?, V) on X is said 
to be regular if it extends to a vector bundle with logarithmic integrable connection 
(<#", V) on A. The category of vector bundles with regular integrable connection, 
considered as a full subcategory of all vector bundles with integrable connection on 
A, is denoted IC (A). 

One can check that this notion is independent of the compactification A cho- 
sen. 
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Theorem 1.14. ( [21], Chapter II, Theorem 5.9). Suppose that k = C. Then the 
analytification functor induces an equivalence of categories 

(16) IC (X) -> IC pf an ) 

between vector bundles with regular integrable connection on X and vector bundles 
with integrable connection on X an . Moreover, this equivalence is functorial in X. 

Remark 1.15. Note that IC (X an ) denotes the category of all vector bundles with 
integrable connection on X an , there is no regularity condition imposed. 

Combining these results with the classical Riemann-Hilbert correspondence, we get 
functorial equivalences 

(17) IC {X) -> LS (X an ) 

between integrable connections on X and local systems on X an for every smooth, 
connected C variety X. Recall the latter is the category of locally constant sheaves 
of finite dimensional C- vector spaces on X an . 

Theorem 1.16. ( [221, 10.26). Let X/k be a smooth, geometrically connected 
variety over k. Then the category IC (X) is Tannakian over k, with fibre functor 
given by S h- > x* {$) — $ ®e x k (x) for any closed point x £ X . (Here k (x) is the 
residue field at x ). 

A vector bundle with integrable connection (S , V) is called unipotent if there exists 
a filtration F*§ of S by horizontal sub-bundles, such that the corresponding graded 
object 0. F l S I F %+1 S is isomorphic to a direct sum of trivial bundles {&x, d). All 
such connections are automatically regular, and the full subcategory of unipotent 
objects in IC (X) is denoted by NIC (X). One can easily check that this category 
is Tannakian. 

Definition 1.17. For X/k smooth, geometrically connected, and char (k) = 0, 
the algebraic and de Rham fundamental groups of X at a closed point x € X are 
defined by 

(18) Tif g (X, x) := x* (tt (IC (X))) = G k(x) (IC (X) , x*) 
nf R (X, x) := x* (tt (AftC (X))) = G k(x) [NIC (X) , x*) 

Remark 1.18. It follows from the previous comparison theorems that if k = C, then 
these affine group schemes are the pro-unipotent and pro-algebraic completions of 
7i i (X an ,x) respectively. 

If / : X — > Y is a morphism of smooth A-varieties, then we can form the pullback 
of vector bundles with integrable connection on Y. We will not go into the details 
here, as it is more naturally described in terms of ^-modules, which we will discuss 
later. What will be important for us are the facts that the underlying (^-module 
of the pullback of (#, V) is just f*S, and the fact that the pullback of a regular 
integrable connection will be regular. So we get a functor /* : IC (Y) — ► IC (X) 
which is just the usual module pullback on the underlying sheaves. 
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1.3. The relative fundamental group and its pro-nilpotent Lie algebra. 

Now let / : X — s> S be a 'good' morphism over a field of characteristic zero. A 
vector bundle with integrable connection S on X is said to be relatively unipotent 
if there exists a filtration by horizontal sub-bundles, whose graded objects are all in 
the essential image of /* : IC (S) — > IC (X). All such connections are automatically 
regular, and we will denote the full subcategory of relatively unipotent objects in 
IC (X) by A//IC (X) - this is a Tannakian subcategory as can be easily checked. 
Suppose that p € X (S) is a section of /. Then we have functors of Tannakian 
categories 

(19) AfflC (X) IC (S) 

r 

and hence, by Corollary 2.9 of |37j . homomorphisms 

(20) G k (A/}IC (X) ,p( s )*) G k (IC (S) , 8*) 

p* 

between their Tannaka duals, after choosing a /c-point s £ S (k). Let K s denote the 
kernel of /*, the splitting p* induces an action of it\ s (S, s) — G k (IC (S) ,s*) on 
K s via conjugation. This corresponds to an afhne group scheme over IC (S). 

Lemma 1.19. This affine group scheme is independent of s. 



Proof. This is because Theorem 11.81 implies that above come from homomor- 

phisms 

(21) p*(n(Af f IC(X)))^±n(IC(S)) 

p, 

of afhne group schemes over IC (S). If we let IC denote the kernel of this homomor- 
phism, then K s = s* (IC). □ 



The lemma also shows that we do not need to assume the existence of a point 
s G S (k) to define the affine group scheme IC. 

Definition 1.20. This is the relative de Rham fundamental group irf R (X/S,p) of 
X/S at p. 

Recall (Example 1 1.7p that we can view tti (X/S,p) as an affine group scheme over 
S. That it deserves its name is the content of the following theorem. If s € S 
is a closed point, and i s : X s — > X denotes the inclusion of the fibre over s, 
then there is a canonical functor i* : AfflC (X) —> AflC(X s ). This induces a 
homomorphism 7rf R (X s ,p s ) — » G^x) (-^/IC (X) >Pt) which is easily seen to factor 
through K s = nf R (X/S,p) s , the fibre of nf R (X/S,p) over s. 

Theorem 1.21. Suppose that k = C. Then : irf R (X s ,p s ) -> nf R (X/S,p) s is an 
isomorphism. 
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Proof. Let us first set some notation. The point s gives us fibre functors p* on 
NlC(X s ), p (a)* on 7V/IC (X) and s* on 1C (S). Write 

(22) IC = G c (AflC(X s ),p* s ) 

g = G c (AffIC (X),p(s)*) 
n = G c (IC {S),s*) 

and also let 

(23) K = miX?, p(s)) 

G = ir 1 (X™,p(s)) 
H = n 1 (S an ,s) 

be the topological fundamental groups of X S ,X,S respectively. Then IC — K un , 
the pro-unipotent completion of K, and H = ii als , the pro-algebraic completion of 
H. We need to show that the sequence of affine group schemes 

(24) i ^ ic ^ g ^ i 

is exact, and we will use the equivalences of categories 

(25) lC(X)^Rc Pc (7r 1 (X^,p( S ))) 

IC(S)4Repc(7n (S a V)) 
IC (X s ) ^ Rep c (ttj (X™,p(s))), 

By Proposition 1.3 in Chapter I of [44], ker (Q — > H) is pro-unipotent. Hence ac- 
cording to Proposition 1.4 of loc. cit., in order to show that (j) is an isomorphism, 
we must show the following. 

• If S E 7V/IC (X) is such that i* {£) is trivial, then § = f* (3?) for some & 
in IC (S). 

• Let § £ JVflC(X), and let J^o C «J(<^) denote the largest trivial subobject. 
Then there exists d S such that ^ = i* s {S ). 

• There is a pro-action of g on U (Lie K,) such that the corresponding action 
of Lie g extends the left multiplication by Lie IC. 

The first is straightforward. Since / is topologically a fibration with section p, we 
have a split exact sequence 

(26) l-*K->G!=iH-H 

and a representation V of G such that K acts trivially. We must show that V is the 
pullback of an 77-representation - this is obvious! The second is no harder, we must 
show that if V is a G-representation, then V K is a sub-G-module of V. But since 
K is normal in G, this is clear. For the third, note that U (Lie IC) — U (Lie K) = 
HmC[iT]/a n . Let H act on C[iT]/a n by conjugation and K by left multiplication. 

Claim. C[K]/a n is finite dimensional, and unipotent as a if-representation. 

Proof. There are extensions of if -representations 

(27) -> o n /o n+1 ->• C[if]/a n+1 -)• C[/f]/a n -)• 
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and hence, since the action of K on o"/a ra+1 is trivial, it follows by induction that 
each C[K]/a n is unipotent. There are also surjcctions 

(28) (a/a 2 ) 8 "->a"/a" +1 

for each n, and hence by induction, to show finite dimensionality it suffices to show 
that a/a 2 is finite dimensional. But a/a 2 = K ah (g>z C is finite dimensional, as K is 
finitely generated. □ 

That C[K]/a n is in fact relatively unipotent as a G-representation is the content of 
the following claim. 

Claim. Let V be a finite dimensional G = K x iJ-representation. If V is unipotent 
as a K- representation then V is relatively unipotent. 

Proof. Let Vo = V K . This is G-stable. Let <po : V — > V/Vo denote the quotient, and 

let V\ = (pQ 1 (jV /Vq) K ^J . This is strictly larger than Vo since V/Vo is unipotent as a 

if-representation. Moreover, K acts trivially on V\/V$. Let <p\ : V — > V/Vi denote 

the projection and Vi = (f)^ 1 {{V/V\) K ^j . Continue thus to get Vo C V\ C . . . V n = 

V, the filtration terminates since each Vi is strictly larger that Vj_i. Each Vi/Vi-i 
is acted on trivially by K, and is thus the pullback of an i?-representation. □ 

Hence C[K]/a n is naturally an object in Rep c (Q), there is a pro-action of Q on 
U (Lie /C), and the action extends left multiplication by Lie /C as required. Thus 
the theorem is proved. □ 

Remark 1.22. This is what we mean when we say that our methods arc currently 
unsatisfactory. While the construction of tt^ k (X/S,p) is purely algebraic, we have 
resorted to topological methods to prove that it has the required properties. 

If T — > S is any morphism of smooth varieties over k, then by the general theory 
of Tannakian categories, one gets a morphism of fundamental groups 

(29) tt? r (X T /T,p T ) -+ tt? r (X/S,p) x s T 
which corresponds to a horizontal morphism 

(30) (1/S,p) @T ->• ^ R (X T /T,p T )- 

Proposition 1.23. If k = C then this is an isomorphism. 



Proof. We know by the previous theorem that this induces an isomorphism on fibres 
over any closed point t G T. So we have two Hopf i^V-algebras with connection 
on T, and a morphism between them which is an isomorphism on fibres. But by 
rigidity of the Tannakian category of vector bundles with integrable connection on 
T, such a morphism must be an isomorphism. □ 



Write G = 7rf R (X/ S, p) and let G n denote the quotient of G by the nth term in 
its lower central series. Let si n denote the Hopf algebra of G n , and J n C srf n the 
augmentation ideal. 
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Definition 1.24. «5f„ := Kom^ {j n j 'j^, <ff s ) is the Lie algebra of G n . This is 
a Lie algebra with connection, i.e. it is equipped with a connection V : Jzf„ — > 
■%n ®ffs ^s/k sucn that the bracket [■, •] : «5f„ ® Jz?„ — > Jz?„ is a horizontal morphism. 

Lemma 1.25. J?f„ is a coherent, nilpotent sheaf of Lie algebras on &§. 

Proof. This follows because S£ n is the Lie algebra over IC (S) corresponding to the 
ir? 6 (S, s) action on Lie (tt? r (X s ,p s ) n ). □ 

There are natural morphisms J£ n +i — > and hence we get a pro-system of 
nilpotent Lie algebras with connection Jzf p . The importance of Jz^>, as we shall see 
later, is that it enables us to consider 7rf R (X/S,p) as a pro-sheaf on the infinitesimal 
site of S. 

1.4. Towards an algebraic proof of Theorem 11.211 Although we now have a 
candidate for the relative fundamental group of a 'good' morphism / : X — > S at a 
section p, we have only been able to prove Theorem 11.211 when the ground field is 
the complex numbers. That proof rested on topological methods, and ideally one 
would like an algebraic proof that will work over any ground field of characteristic 
zero. One might hope to be able to reduce to the case k = C via base change and 
finiteness arguments, but this approach will not work in a straightforward manner. 
The key problem is the fact that the full algebraic fundamental group 7r^ lg (S, s) 
is not compatible with base change by a transcendental extensions of the ground 
field. If K D k is a field extension, then there will be a surjection 

(31) Trf g (S x fc K, s) -» Trf g (S, s)x k K 

which is not in general an isomorphism. (For example, see 10.35 of }22j). One might 
hope at least for a proof of surjectivity of the comparison morphism <fi (|32[) below 
using base change arguments, and, indeed, one probably exists. However, such an 
argument will not easily adapt to the case of positive characteristic, as in general 
one will not be able to lift a smooth proper family, even locally on the base. Instead 
we seek a purely algebraic proof which does not use topological methods. The proof 
of surjectivity we give may seem overly convoluted, but the hope is that it should 
be easily adaptable to positive characteristic. Recall that we have an affinc group 
scheme irf R (X/S,p) over S, and a comparison morphism 

(32) cj>:7rl K (X s ,p s )^7rl K (X/S,p) s 
for any closed point s 6 S. 

Question 1.26. Is <j> is an isomorpism? 

Note that the proof of Proposition !! .231 shows that a Corollary of a positive answer 
to this question would be that the base change morphism (f29f is an isomorphism. 
We assume that k is algebraically closed, the general case can be reduced to this, 
as discussed in Section H~71 It follows from Proposition 1.4 in Chapter I of [H] and 
Appendix A of [25] that we need to prove the following: 

• (Injectivity) Every S 6 A/lC (X s ) is a subquotient of i* for some & £ 
A/)IC(X). 
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• (Surjectivity I) Suppose that S G A//IC (X) is such that i* s (d>) is trivial. 
Then there exists & G IC(5) such that # ^ /* (Jf). 

• (Surjectivity II) Let § G A/}IC(X), and let =T C i*(<f) denote the largest 
trivial subobject. Then there exists ^Cl such that J^o = i*(<oo). 

Let £ be an object in IC (X), and define the relative de Rham cohomology of S 

by 

(33) R4 R /* (<f ) := R7* (* tt x /s) ■ 

We can put an integrable connection on the RHS, the Gauss-Manin connection 
(for construction of which see [33]). We will prove surjectivity by proving that 
/* R ^ := R-Sr/* {£) is coherent, and hence, using regularity of the Gauss-Manin 
connection (see below), an object of IC (S). We will then show the existence of a 
canonical morphism 

(34) f*f? R £ -> g 

and prove that when i* (#) is trivial, this is an isomorphism. In order to con- 
struct this morphism, we must hrst review some of the theory of algebraic @- 
modules. 

1.5. Algebraic ^-modules and proof of surjectivity. Our main references 
for this section are [35] and [55]. A good introduction to the main results on 
algebraic ^-modules is [2j. In this section we will assume that our ground field k 
is algebraically closed (of characteristic zero). Suppose X is a smooth variety over 

k. The tangent bundle &x/h = % om «9 x (px/k> * s the sheaf of derivations 
Gx &Xi an d naturally embeds into the sheaf £ndfc (ffx) of fc-endomorphisms of 

Definition 1.27. The sheaf @x of differential operators on X is the subalgebra of 
fndfc (&x) generated by -S^x/k an d &x- A ^x-module is a sheaf of left ^x-modulcs 
which is quasi- coherent as an ^x-module. The category of 2#x -modules is denoted 

Example 1.28. One can show that for a coherent ^x-module #, a i^x-niodule 
structure on S is equivalent to an integrable connection on <§ . 

If / : X — > Y is a morphism of smooth k- varieties, then define transfer mod- 
ules 

(35) D X ^Y := @x ® s -^e Y f~ l @Y 

D Y ^x ■= u x ®e x D x ^y 2>f-xff Y J" 1 (wy) 

where ljx, Wy are the canonical bundles on X and Y respectively. Note that Dx^y 
is a {3x, J~ X< ^y) bimodule, Dy<-x is a @x) bimodule, and hence we can 

define functors 

(36) f*:n[?Y)^p{9x) 

r (#) :=d x ^y Qf-xsy r x s 

f + :^{S>x)^ »{®y) 

f+ (£) := /. {D Y ^x ®$> x S) 
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the first of which is the promised definition of pullback of vector bundles with 
connection. That it is the usual pullback on the underlying module is clear, that is 
preserves regularity will be seen below. Let D b (&x) denote the bounded derived 
category of ^x-modules. This is defined to be the category of bounded complexes of 
^x-modules, modulo chain homotopy equivalences, localised at the class of quasi- 
isomorphisms. One can extend /+ and /* to the derived category as follows. 



Now suppose that / is smooth and let & G IC (X). 

Proposition 1.29. ( fEffl, Proposition 1-4) ■ Let d — dimX — dimY" and i 6 Z. 
Then there is an isomorphism of left 'Sy-modules 



where the RHS is equipped with the Gauss-Manin connection. (If i [0, 2d] then 
both sides are zero). 

Remark 1.30. Although the Proposition is stated in [24] for k = C, the same proof 
works for any algebraically closed field of characteristic zero. 

Two important properties of ^-modules are that of holonomicity and regularity. 
We will not concern ourselves with exact definitions here, they can be found in 
Chapters 2 and 6 in Part I of [32]. Being holonomic roughly means that the cor- 
responding system of differential equations is over-determined, while being regular 
is essentially a transposition into the language of @- modules of the notion of regu- 
larity for integrable connections given above. For our purposes the only things we 
need to know are the following. 

Proposition 1.31. (1) ( JMl, Part I, Example 2.3.7) If S is a vector bundle 
with integrable connection on X , then S is holonomic when considered as 
a $>x -module. 

(2) ( [32], Part I, Remark 6.1.3) A vector bundle with integrable connection 
<§ is regular as a -module if and only if it is regular is the sense of 
Definition WTM 

We denote the category of regular holonomic ^x-modules by /i r h (2>x)- A complex 
S" of ^x-modules is said to be regular holonomic if all its cohomology sheaves 
'H 1 ($*) are regular holonomic. This notion makes sense in the derived category, 
and we denote by D^ h (3>x) the full subcategory of D b [f3>x) consisting of regular 
holonomic complexes. 

Theorem 1.32. ( [32], Part I, Theorem 6.1.5). The functors f and f+ preserve 
regular holonomicity, and hence induce functors 



(37) 



f :D» (® Y )^D b (@x) 

f (O := (d x ^y ®)-i® y r 1 *?') [dim A 

f + :D b {@ x )^ D b {® Y ) 

f + := R/» (Dy^x ®\ x ■ 



dim Y] 



(38) 




(39) 



f : D b h {9y) D b h (9 X ) : /+ 
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Remark 1.33. We use different notation to that in [32], what they call f* we call 
/' and what they call J. we call /+. 

Corollary 1.34. Let f : X —> S be a smooth morphism of smooth k-varieties, and 
let § S IC (X). Then the Gauss-Manin connection on R^r/* (^) * s regular. 

Corollary 1.35. Let f : X — > Y be a morphism of smooth k-varieties. Then f* 
preserves regularity. 

If / : X — > S is a 'good' morphism over an algebraically closed field of characteristic 
zero, and § E A//IC (X), then we will deduce a morphism /*/* & — > as the 
counit of an adjunction 

(40) /• : IC (5) Af f lC (X) : / dR 

This adjunction will be deduced from an adjunction between functors on the derived 
categories, given by the following theorem. 

Theorem 1.36. ( [32], Part I, Corollary 3.2.15 and [261, Chapter VII, Corollary 
9.14) 

• /+ : D b lh {9 X ) -> D b h ($> Y ) has a left adjoint f+ : D\ (® y ) -y D b lh [9 X ). 

• f : D b h (9y) -> D r fe h ftaa a Ze/t adjoin* /, : D b h {& x ) -> £> r b h (SV). 

• If f is smooth then f' = f + [2 (dimX — dim.y)] 

Suppose that / : X — > S is smooth, and let & £ /z r h (^s), ^ G Mrh (@x)- Consider 
the adjunction formula 

(41) Hon lflfi(9x) (f+&, n-dx/s}) = Hom^^j / + Sf[-d x/s ]) 

where = dimX-dimS. As D x ^s is a flat /"^-module, /+^ = f&[-2d x /s] 
f*&[—d x js}' Since dx/s] 1S concentrated in positive degrees, (|4T|) be- 

comes 

(42) Hom Mrh(fe) (r^.Sf) = Hom^ (@s) (J?,H° (/ffr [-d*/s])) 

= Hom Mrh( s s) (>, R /* (Sf ®*? x fix/s)) 
= Han Wfl>s) (j^,/ dR ^) 
and hence we get a pair of adjoint functors 

(43) /* : to (%) Mrh ) : / dR . 

Lemma 1.37. Let f : X — > S be a smooth morphism, and <£ E Ob (IC (£))• Then 
ff P$ = ft R @x £ as ff s -module S . 

Proof. Let K be the kernel of & x — > £l x i s , it is an f~ x (^s)-module. By left 
exactness of /* we have f^Gx = f*K. Since $ is a locally free ^5-module, 
/ _1 (<?) is a fiat / _1 (^s)-module, and hence there is an exact sequence 

(44) -> Z" 1 (<?) ®/-i (< t s) K^fS^ f*£ ® ffx fl x/s 
from which it follows that 

(45) /fv*<? = /* (k ® f -i [ffs) r 1 (#)) . 
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Hence we need to show that 

(46) /.(*"®/-i(* s )/ -1 W) ={f*K)®e s g 

for any locally free tf5s-module S . But this is just the projection formula for the 
morphism of ringed spaces (X, f^ 1 (<^s)) ~> (S, &s)- O 

Lemma 1.38. /* (^x) = &s, with the canonical connection. 

Proof. The unit of the above adjunction between / dR and /* gives a morphism 
&s ~~ ^ ft^x- In order to check whether or not it is an isomorphism, we may 
work over C, and hence by Theoreme 6.13, 6.14 of [21] replace 6s and f* K &x by 
the corresponding local systems C and /* n C on 5 an . But now the result follows by 
direct computation. □ 

Lemma 1.39. Suppose that S e Af f lC(X). Then / dR <? is coherent, and hence 
locally free. 

Proof. If g S f*& then ff K S ^ &®0 s ft K @x by Lemma[L37l and this is coherent 
by the previous theorem. For the general case we induct on the unipotence degree. 
There is an exact sequence 

(47) -> S" -> S -> /*J? -> 

and by induction we can assume that ff^S' is coherent. Since has a left 
adjoint, it is left exact and hence there is an exact sequence 

(48) -> ft K £' -> /» dR <? -> ff R &x ®e s & 

of ^s-modules. Since any extension of coherent sheaves is coherent, we simply need 
to show that the image of the right hand map is coherent. f^S* is quasi-coherent, 
and so this image is a quasi-coherent subsheaf of a coherent sheaf on a Noetherian 
scheme, and hence coherent. □ 

Since the Gauss-Manin connection is regular, and pull-back preserves regularity, 
we now have a pair of adjoint functors 

(49) /* : IC (S) A/}IC (X) : / dR 

Example 1.40. Suppose that S — Spec (fc). Then this adjunction has a much more 
elementary description. If § G A/lC (X) then 

(50) f^S = H° dR (X, S) = Honw IC(x) {ff x ,S) 
and the adjunction simply becomes the obvious identification: 

(51) HonwiCpr) (V ® k X ,*) = Homvcc, (V, Horrwic(X) {0 X ,#)) ■ 

Now let s £ S be a k- valued point, and let i s : X s — > X denote the inclusion of the 
fibre over s. Since / dR takes objects in A//IC (X) to objects in IC (S), it commutes 
with base change and there is an isomorphism of functors 

(52) T dR o z* * s* o / dR : A/}IC (X) Vec fc 

(see for example [31], Chapter III, Theorem 5.2). Here T dR = H% R (X s , -). 

Theorem 1.41. Suppose that i* s S is trivial. Then the counit eg : /* — > is 
an isomorphism. 
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Proof. Pulling back eg by i*, and using base change, we get a morphism 

(53) e Xs ® k r dR (»;«?) -> %*g 

which by the explicit description of 11.401 is seen to be an isomorphism (as %* S S is 
trivial). In particular, if x G X s is any closed point, then eg is an isomorphism on 
fibres over i s (x). Hence by rigidity, eg is itself an isomorphism. □ 

Proposition 1.42. Let S £ JVflC(X), and let C denote the largest 

trivial subobject. Then there exists Sq C $ such that J?o — **(^o)- 

Proof. Let & = i* s {S), then we can easily see that J^o = &x s ®^r dR (^). Set <? = 
f*f* R (<°), then by the base change results proved above we know that il(£o) — 
and that the natural map #o $ restricts to the inclusion J^o —> & on the fibre 
X s . This proves the proposition. □ 

Corollary 1.43. Let f : X —> S be a 'good' morphism, with k algebraically closed of 
characteristic zero. Let p be a section of f . Then the canonical map 7r dR (X s ,p s ) — > 
7r dR (X/S,p) s is a surjection. 

1.6. Proof of injectivity. In this section we prove injectivity of the comparison 
map. To do this, we first give a concrete description of the co-ordinate ring of the 
dc Rham fundamental group of a smooth variety X/k, following [29 . As before, let 
A: be a field of characteristic zero, / : X — > S be a 'good' morphism of /c-varieties. 
The following Proposition should be well-known. 

Proposition 1.44. Let & \S be vector bundles with integrable connection on any 
smooth, connected variety Y/k. Then the group Extic(y) of extensions of'S 

by S , is isomorphic to (Y, Horn (Sf, #)). 

Proof. We closely follow the proof of the similar Proposition 2.2.3 of 29 . Let 
%i = Spec(^L), for i £ I be a finite covering of Y by open affines, choose an 
ordering of the indices, and let /„ denote the set of all ordered n-tuples of elements 
of /. For J £ L n we let — Oiej^i- Let tf? denote the vector bundle with 
connection 'Hom(^, $). Let C* denote the complex whose nth term is 

(54) 

n 

= r^.jran^) 

with differential given by the matrix 



(55) 
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where 8 is the usual differential in the Cech complex for Jif ® ^y/k with respect to 
the and V is induced by the connection. Then W dR (Y, Jf?) = H l (C). 

Let — > S — > J? — > Sf — > be an extension. For any n and any J C J n let 
<80 = Spec(Aj) and let <?|^ 7 = Zj, J?|/ 7 = M, 7 , Sf^ = A>j for Aj-modules 
Lj, Mj, Nj. Since ^ is a vector bundle, iVj is projective for all i E I, hence we can 
choose splittings Si : Ni — > Mi of 

(56) -> £i Mi -> iVf -> 

for all i, giving an isomorphism Mj = Li® N^. The connection Vm; on Mi now 
takes the form 

'V L< A, 
V- 



(57) 



Mi 



for some A 4 G Hom Ai (./Vi,£j (3,4, ^. /fe ) = T JT ® QL /fc ) . For i<j£ J 2 

Let ejj = Si — Sj : Nij — > Lij. Thus we get an element (eij,Ai) EC 1 . It is 
straightforward but tedious to check that this element is in fact a cochain. Another 
tedious calculation shows that changing the sections Sj changes this cochain by a 
coboundary, hence we get a well defined element of H dR (Y, Jt?) . This defines a 
map 

(58) Extic(y) (Sf , «) -»• ^r (K, JT) 

which is seen to be a bijection by reversing the above procedure. Concretely, given 
a cochain (ey, Aj) representing a cohomology class, one uses the to give a vector 
bundle J^", one uses Ai to define the connection, and the fact that we started with 
a cochain will show that the connection is integrable. Changing the cochain by a 
coboundary will result in an isomorphic extension, and this provides an inverse to 
the above map. □ 

Let s E S be a closed point, and consider the fibre X s of / over s. We define 
objects ^ n of J\f\C(X s ), the category of unipotent integrable connections on X s 
inductively as follows, will just be &x s , and W n +\ will be the extension of W n by 
@x s <3kHl R (X s , ^„ V ) V corresponding to the identity under the isomorphisms 
(59) 

Ext IC(Xs) (<2r n , e x . ® k H\ R (X s , ^„ v ) v ) - Hl R (x s , ^ ® k H\ R (X s , ^„ v ) v ) 

- Hl R (X s , ^) ® k H\ R (X s , ^„ v ) v 

-End, {H\ R {X S ,^)) 

If we look at the long exact sequence in de Rham cohomology associated to the 
short exact sequence 04f„ v -» ^„ v +1 ->■ H\ R (X s , ^„ v ) (g> fc ff Xs -> we get 

(60) -+ ff° R (X s , ^) -+ H° AR (X„ -+ H\ R (X s , A... 

... A Hi R (X„ ^) -> H\ R (X s , 
Lemma 1.45. The connecting homomorphism 8 is an isomorphism. 

Proof. In fact we will show that 8 is the identity. By dualizing, the extension 

(61) -+ ^„ v -+ ^„ v +i -> ® fc (X s , <0 -»■ 
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corresponds to the identity under the isomorphism 

(62) Ext IC( x s ) {0x. ® k Hl R (X„ ^„ v ) , ^„ v ) S End fc (H^ (X s , ^)) 
Now the Lemma follows from the following claim. 

Claim. Let — > S — > & — > &x s @>k V — > be an extension of a trivial bundle by 
S . Then the class of the extensions under the isomorphism 

(63) Ext IC(Xa) [0 Xs ® k V, H\ R {X S ,S) = Hom fc (V, H\ R {X„,g)) 
is just the connecting homomorphism for the long exact sequence 

(64) -> H° dR H° dR (X S ,,?)^V^ ff] R (X s , S) 

Proof. This follows for V — k by direct computation, for V = k n by additivity, and 
for general V by choosing a basis. □ 

This completes the proof of the Lemma. □ 

In particular H dl . (X s ,^n) — H dR (X s , ffx 3 ) — k for all n, and since the induced 
homomorphism H dR (X s , ^„ v ) — > H dR (X s ^^ + A is zero, it follows that any ex- 
tension of °tt n by a trivial bundle V (g^ &x B is split after pulling back to H/ n +i- 
Now let x — p(s), u\ = 1 G ( ( %i) x — &x s ,x = k, and choose a compatible system of 
elements u n 6 (^n) x mapping to u\. 

Definition 1.46. We define the unipotent class of an object $ £ J\flC(X s ) induc- 
tively as follows. If $ is trivial, then we say # has unipotent class 1. If there exists 
an extension 

(65) -)• V ® k ff Xs -> <§ £' 

with $' of unipotent class < m — 1, then we say that <§ has unipotent class < to. 
Finally we say that S has unipotent class to if it has unipotent class < to, but not 
unipotent class < to — 1. 

Proposition 1.47. Let & e AfIC(X s ) be an object of unipotent class < to. Then 
for all n > to and any f S & x there exists a unique homomorphism a : °tt n — > J^" 
such that a x (u n ) = f . 

Proof. We copy the proof of Proposition 2.1.6 of [29] and use strong induction on 
to. The case to = 1 is straightforward. For the inductive step, let & be of unipotent 
class to, and choose an exact sequence 

(66) 0^<f^J?-4sf^0 

with $ trivial and of unipotent class < to. By induction there exists a unique 
morphism (3 : % n -\ — ► such that <f> x (f) — f3 x (u„_i). Pulling back the extension 



(67) 
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first by the morphism j3 and then by the natural surjection ^ n — > gives an 

extension of % by £ ', which must split, as observed above. 

(68) > £ > > > 

> £ > ,9' > > 



>S > J? ► # >0 

Let 7 : <fy n — > & denote the induced morphism, then <j> x (j x (u n ) — /) = 0. Hence 
there exists some e G £ x such that tp x (e) = j x (u„) — /. Again by induction we can 
choose 7' : — ► £ with j' x (u n ) — e. Finally let a = 7 — i/j o 7', it is easily seen 
that a s (u„) = /. 

To show uniqueness, it suffices to prove that if a (u„) = then a = 0. If a x (u n ) = 
then ((f> o a) (u n ) = and hence by induction <j) o a = 0. Thus a factors through 
£ and we can use the inductive hypothesis again to show that a = 0. □ 

Corollary 1.48. Every £ inJVlC(X s ) is a quotient of ' °^® N for some to, N G N. 

Proof. Suppose that £ is of unipotent class < m. Let ei, . . . , be a basis for £ x . 
Then there is a morphism a : ^® — > with every ej in the image of the induced 
map on stalks. Thus a x is surjective, and hence so is a. □ 

Let °^ = lim ^/ n , and let u = lim u„. 

4 n ■< n 

Corollary 1.49. For any £ 6 MlC(X s ) and e G £ x there exists a unique morphism 
4> : — > £ such that <j) x (u) = e. 

Hence we can proceed exactly as in Section 2.1 of [29], showing that (°i/ x Y is 
naturally a commutative Hopf algebra over k, which is the co-ordinate ring of 
nf R (X s , x). Thus tftn is the object of AfIC(X s ) corresponding to the representation 
of 7rf R {X s ,p s ) on 

(69) U n =U(Ue4 R (X s , Ps )) /a", 

the quotient of its completed enveloping algebra by the nth power of the augmen- 
tation ideal. 

We now try to inductively define relatively nilpotent integrable connections W n . on 
X which restrict to the °tt n on fibres. The induction starts with W\ = &x- As 
part of the induction we will assume that R° R /* C#n) — R-Sr/* {Px) = @S- We 
will define W n+ \ to be an extension of W n by the sheaf f*~R\ R f* (^ V ) V - Since the 
Gauss-Manin connection is always regular, W n +i will be an object of JVflC(X). 
We consider the extension group 

(70) Ext ICW (w n , rn^u (#; v ) v ) - h 1 ar (x, ® Gx f*R l dR f. (#; v ) v ) . 

Proposition 1.50. For any £ G IC (S) and & G IC (X) we have 

(71) R l dR /* (f*£ ® ffx ^) = £ ® &s RdR,/* {&) 
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Proof. This is just the projection formula for ^-modules ( [32], Chapter I, Corollary 
1.7.5). ' □ 



Hence the Leray spectral sequence, together with the induction hypothesis, gives 
us the 4-term exact sequence 



(72) -> (s, R^r/* (^„ v ) V ) -> Ext IC(x) (V„, /*Rd R /* 

^r/* PO) -> ^dR (s, R dR /* (#-„ v ) 



-> End IC(s) (Ri 

and we can extract the commutative diagram 
(73) 

Ext IC( x) /*R dR /* > Ext IC( x a) ® fc (X s , l^) x 



->End fc (H^ K (X S ,^)) 



End IC( 5) (R dR /* OC)) 



^ 2 r (s,R dR /*0C) v ) 

where the horizontal arrows are just restrictions to fibres. The identity in End^ (-ff dR (X s , ^„ v )) 
clearly lifts to Endic(s) (R dR /* (^O)j an d hence the obstruction to finding W n +i 
lifting tf/n+i is the image of the identity under the map 



(74) End IC(s) (R dR /* 0C)) -> H 2 dR (s, R dR /* {W^f 

Question 1.51. Does this obstruction vanish? 

Proposition 1.52. This obstruction vanishes if the base is an affine curve. 



Proof. This is because H dR is automatically zero. 



□ 



Corollary 1.53. Let f : X — > S be a 'good' morphism, with k algebraically closed 
of characteristic zero. Let s € S be a closed point. Assume that Question ] 1 . 5 1\ has 
a positive answer. Then every object of AfIC(X s ) is a quotient of i* s $ for some 
SeM S \Q{X). 

Proof. To finish the induction step, we must show that 

(75) R dR /* = R dR /* m ■ 

If we look at the long exact sequence of relative de Rham cohomology 

(76) -> R° R /. OC) -+ Rd R /» 

we simply note that the given map restricts to an isomorphism on fibres, and is 
hence an isomorphism. 



□ 
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1.7. Reduction to k algebraically closed. In this section, we show that Ques- 
tion 11.261 has a positive answer for k if it does for k, and hence justifying our 
considering only algebraically closed fields. A lot of what we say is taken directly 
from Sections 4 and 10 of [22]. If C is a Tannakian category over k, and L/k is 
an extension of fields, then a L-module in Ind(C) is a pair (a,X) where X is an 
object of Ind (C) and a : L — > Endi n d(c) (A) is a homomorphism of fc-modules. If 
X is such an object, then we get a morphism L g> X — » X in Ind (C), where L ® X 
is the object of Ind (C) co-representing the functor 

(77) Y H> Hom Ind(Vo c t ) (i, Hom Ind(c) (X, Y)) 

(for more details see 4.4 of [H]). We say that Y C X generates X as an L-module if 
the composite map L®Y — > L ® A — !> X is surjective. Let Cl denote the category 
of L-modules in Ind(C) which are generated by a subobject in C. Suppose that 
L/k is algebraic, and that X/k is smooth. Let C = IC (X), the category of regular 
integrable connections on X, and let a : Xl = X xj : L —> X. If S is a vector bundle 
with integrable connection on Xl, then a*<o acquires an integrable connection as 
follows. By functor iality there is a morphism 

(78) a*£ -Ki*(g®ff XL n) Clj/L ) 

and since ^Xl/l ~ a * f^x/i)' ^ ne projection formula shows that 

(79) a* (g®ff XL a* (^ x /k)) = ^ ® &x n l XJk . 
The induced map 

(80) a*g -> a*<? ® ffx fi^ /fe 

is easily seen to be an integrable connection. Let T> denote the full subcategory of 
vector bundles with integrable connection <§ on Xl such that a^S is regular, and 
the colimit of its coherent, horizontal sub-bundles. 

Proposition 1.54. ( f22ij , 10.38) The pushforward a* induces an equivalence of 
categories between T> and Cl • 

Proposition 1.55. If L/k is algebraic then D = IC (Xl)- 

Proof. We need to show that for a vector bundle with integrable connection § 
on Xl, the connection is regular if and only if the induced connection on a*S is 
regular, and a„S is the union of its coherent, horizontal sub-bundles. So suppose 
that the connection on § is regular. Choose a good compactification X <^-> X 
and an extension S of $ to Xl- Since L/k is algebraic, there exists some finite 
extension F/k and some logarithmic connection on a vector bundle ^ on Xp such 
that $ = a* L , F &, where a L /F ■ Xl — > Xp. Thus there exists some vector bundle 
with regular integrable connection & on Xp such that S = a* L ^ F ,^ . Now, consider 
the quasi-coherent sheaf with connection §f = a L/F^ a *L/p^ 011 Xp. We have 

(81) = colim [M:F]<00 J? (g>p M 

where the connection on & ®p M is that of <p® n where n = [M : F]. This is 
regular, and hence Sf is the union of its regular, coherent subconnections {^}. If 
ap/k : Xp — > X then one can easily check that ap/^J^ = Ui^/fe ^» anc ^ sm ce 
F/k is finite, we only need show that each dp/). is regular. Again, choosing a 
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good compactification X and extending §^ to <Si onlp, we see that dp/kj^i is an 
extension of ap/^J^i to a vector bundle with logarithmic integrable connection on 
X, and hence the connection on ap/k Sfj is regular. Hence the connection on a*£ 
is regular, and a^£ is the union of its coherent, horizontal sub-bundles, as required. 

Conversely, suppose that the connection on a^£ is regular, and a*£ is the union of 
its coherent, horizontal sub-bundles, we must show that £ is regular. Let F, 3? be 
as before. Since & aL/p t a* L ,p& , it suffices to show that the latter is regular. 
Hence it suffices to show that if §? is a vector bundle with integrable connection 
on Xp with ap/k & regular, then is regular. But §? is a quotient of the regular 
connection a,F/k*a>F/kJ&> an d the proposition follows. □ 

Let / : X — > S be a 'good' morphism (again over k of characteristic zero), let p 
be a section, and let s € S be a closed point. Let L/k be algebraic. The above 
equivalences are functorial in X , and hence we have equivalences 

(82) M f lG(X) L =M fL lC(X L ) 

IC (S) L Si IC (S L ) 

mc(x s ) L =mc((x s ) L ). 

Hence by [22], Example 4.6, this implies that 

(83) ^ R (X L /S L , PL ) Si a*7rf R (X/S,p) 
4 K ((X 9 ) L ,(p a ) L )Sint K (X s ,p s )x k L 

where a : Sl —> S. 

Remark 1.56. The reason that we get an equivalence A//IC (X) L = Af/ L lC {X£) is 
that one can put a functorial filtration on S € A//IC (X), whose graded pieces are 
relatively trivial. Let £q be the largest subobject of So in the essential image of /*, 
let S\ C S be the inverse image of {§ /Sq) under the natural projection, let C $ 
be the inverse image of {S jS\)^ under the projection and so on. Any morphism 
£ — > & must take £ to and hence an L- module structure L — > End (£) induces 
i-module structures L — > End (£/£_i) for all i. 

By first using Lemma [1.111 to base change to the residue field of s, this reduces 
Question 1 1.261 to the case where s is a A:- valued point. The question is in effect the 
statement that a certain sequence 

(84) 1 -> 7r? R (X s ,p s ) -+ G -> Trf 8 (S, s) ^ 1 

of affine group schemes is exact. But if we base change this sequence to the algebraic 
closure k/k, the above results imply that we simply get the corresponding sequence 
for 

(85) 

Since k/k is faithfully flat, the original sequence will be exact if and only if the base 
change to k is exact. Hence if Question II .261 has a positive answer for algebraically 
closed fields of characteristic zero, it holds for all fields of characteristic zero. 
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2. Path torsors, non-abelian crystals and period maps 

Suppose that X/k is a smooth, geometrically connected variety and that x,y £ 
X (k) are two k- valued points of X. Then one can define algebraic and de Rham 
torsors of paths from y to x, denoted 7T^ ls (X, y, x) and Ttf K (X, y, x) respectively, 
using the following theorem. 

Theorem 2.1. ( 1371, Theorem 3.2). Suppose that T is a neutral Tannakian 
category over k, and that lji,u>2 '■ T ~ * Qcoh (S) are two fibre functors on T. Then 
the functor of S -schemes 

(86) (/ : T -> S) Isom® (/* ou lt f* ow 2 ) 

is representable by an affine S-scheme Ps (T, u>i,ui2) which is a left torsor under 
Gs (T,u>i) and a right torsor under Gs (7~, 002)- 

Remark 2.2. (1) We will sometimes drop the subscript k from the notation. 

(2) If Gi, G2 are group objects in some category, and P is an object which is 
a left torsor under G\ and a right torsor under G 2 , then we will refer to P 
as a (Gi,G 2 ) bitorsor. 

The algebraic and de Rham path torsors are then defined by applying the theorem 
with T = IC (X) and T = NIC (X) respectively, and u)i = x*,y*. Given our 
construction of the relative fundamental group of / : X — > S as an affine group 
scheme over the Tannakian category IC (S 1 ), we might try to construct path torsors 
using a similar Tannakian approach. This is our goal in the first part of this chapter, 
and it will be a lot more involved than our definition of 7rf R (X/S,p). 

2.1. Torsors in Tannakian categories. In order to make the comparison with 
the usual Tannakian duality a bit clearer, we recast our definition of 7rf R (X/S,p) 
in a more general setting. So let C be a neutral Tannakian category over a field 
k. A Tannakian C-category is a Tannakian category T> together with an exact, 
fc-linear tensor functor t : C — > T>. We say it is neutral over C if there exists an 
exact, faithful fc-linear tensor functor lj : T> — > C such that uot = id. Such functors 
will be called fibre functors. If such a functor u is fixed, we say T> is neutralised. 
Recall from Theorem II .81 that in this situation we have a homomorphism 

(87) f* -H(ic(C)) 

of affine group schemes over T>. Hence applying lj, and noting that u) o t = id, gives 
us a homomorphism 

(88) u{t*) : w(tt(X>)) -4 tt(C) 
of affine group schemes over C. 

Definition 2.3. G c (V,co) := kerw(i*). 

For an affine group scheme G over C, let Gq be its Hopf algebra. A representation 
of G is then defined to be an £?G-comodule. That is an object V £ C together with 
a map S : V — » 6q ® V, such that: 
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• The diagram 



(89) 



V ■ 



>V ®G G 

id®A 

v®g g v®g g ®g g 

commutes, where A : G G — > @G ® @G is the comultiplication of G G . 
• The composition 



(90) 



-+V®G G V 



V 



is the identity, where c : G G — > 1 is the counit of G G . 



A morphism of representations is then just a morphism of comodules, that is a 
morphism <f) : V — > W such that 



(91) 



commutes. 



V — ^-4 V ®G G 



Sid 



g g 



Definition 2.4. A torsor under G is an afHne scheme G P over C, together with a 
morphism a : Gp — > Gp® G G of C-algebras such that: 



The diagram 



(92) 



G P ®G G - 
commutes, where A : G G — ) 
The induced map Gp®Gp - 



— > G P <g> ^ G 

id®A 

a(g)id „ _ „ 

► Gp ® G G ® G G 

G G ® G G is the comultiplication. 
Gp®G G given by a-(id®l) is an isomorphism. 



Example 2.5. Suppose that C = Rcp fc (H), for some afhne group scheme H over A;. 
Then an afHne group scheme G over C 'is' just an afhne group scheme Go over k 
together with an action 



(93) 



a : H x Gn ->■ G 



of fi on Go- An object of C is a representation of H, and a representation of G 
can be described as a 'fZ-equivariant Go-representation'. That is, a vector space V 
which is both a representation of Go and of H , and is such that for any fc-algebra 
R, and any h € H (R) , g e Go (f?) ,we7®fl,we have 



(94) 



or more transparently, h (gv) = h (g) h (v). Hence a representation of G, as an afhne 
group scheme over C, 'is' just a representation of the semi-direct product Go x if 
in the usual sense as an afhne group scheme over k. 
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Representations have another interpretation. Suppose that V is an ^c-comodulc, 
and let R be a C-algebra. A point g 6 G (R) is then a morphism Gq — > R of 
C-algebras, and hence for any such g we get a morphism 

(95) V^V®R 
which extends linearly to a morphism 

(96) V ® R V ® R. 

This is an isomorphism, with inverse given by the map induced by g^ 1 . Hence we 
get an R- linear action of G (R) onV®R, for all C-algebras R. The same proof as in 
the absolute case (Proposition 2.2 of [37]) shows that a representation of G (defined 
in terms of comodules) is equivalent to an i?-linear action of G (R) on V ® R, for 
all R. 

If G is an affine group scheme over C then let Rep c (G) denote its category of repre- 
sentations. Note that if C is neutral then the previous example immediately implies 
that Rep c (G) is a neutral Tannakian category. There are canonical functors 

(97) C <=► Re Pc (G) 

given by 'trivial representation' and 'forget the representation'. This makes Rep c (G) 
neutral over C. 

Theorem 2.6. Let T> be neutral over a neutral Tannakian category C, with fibre 
functor uj : T> — >• C. Then T> is equivalent to the category Rep c (Gc ("D, uj)) of 
representations of Gc (T>, uj) . Conversely, if G is an affine group scheme over C 
thenGc(Rcp c (G),uj) = G. 

Proof. To prove the first part, let V G T>. Since tt (V) acts on V, lu (tt (£>)) acts 
on uj (V), and hence so does Gc (V,uj). Thus uj (V) becomes a representation of 
Gc (T>, uj) and this defines a functor V — > Rep c (Gc (2?, uj)). This clearly commutes 
with the given functors to C, and since Gc (T>, uj) acts trivially on uj (V) for all 
V in the essential image of t : C — > T>, it also commutes with the given functors 
from C to both categories. To check that it is an equivalence, we may assume that 
C = Rep fc (H) is neutralised. Then V = Rep fc (G) is also neutralised, w,t induce 
homomorphisms 

(98) t* : G > H : uj* 

such that t*uj* = id. Let K be the kernel of t* . Then Gc {D, uj) is the affine 
group scheme over C corresponding to K with the action of H induced by conju- 
gation inside G. The functor T> — > Rep c (Gc (T>,uj)) becomes the functor taking 
a representation of G to the correpsonding iJ-equivariant /^-representation. Since 
G = K x: H , this is an equivalence of categories by the above remarks. 

To prove the second part, let V — Rep c (G), and let 

(99) uj : V 1 C : t 

denote the forgetful/trivial action functors. The action of G on uj (V) induces a 
homomorphism of group schemes G — > uj (tt (T>)) over C. To see this, it suffices to 
show that we get a homomorphism of group schemes functorially after applying 
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fibre functors r\ on C. That we do get such homomorphisms follows from the fact 
that (r]Lj) (tt (£>)) is the group scheme representing all isomorphisms of r/uj. 

The composite G — > cj (tt (V)) — >■ tt (C) is zero, since G acts trivially on everything of 
the form tot (V), by definition. Hence this induces a homomorphism G —¥ Gq (D, u>), 
and to check it is an isomorphism we may choose a fibre functor on C = Rep fe (H) . 
Then G is just a group scheme Go with a H action, and T> is the category of H- 
equivariant Go-representations, lj (tt (T>)) is then Go x H together with the action 
of H by conjugation, and Gq (T>, w) is the kernel of Go xi H — > H , which is just Go 
with its given action of H . □ 

Remark 2.7. (1) Our definition of the fundamental group 7rf R (X/S,p) is then 
Gic(S) (A//IC (X) ,p*), this is an affine group scheme over IC (S). One can 
consider this as an affine group scheme over S in the usual sense, together 
with a connection on its Hopf algebra, as described in Example 11.71 

(2) The above theorem is really just a tautology, once the usual Tannakian 
formalism is in place. The reason it appears convoluted is simply because we 
wanted to define the functor T> — > Rep c (Gq (£>, w)) and the homomorphism 
G — ► Gq (Rep c (G) , uj) without first choosing a fibre functor on C. 



Now that we have Tannaka duals in the relative setting, we would also like 'torsors 
of isomorphisms' between fibre functors wi,u)2 : T> — > C. In order to define these, 
we must first recall Deligne's construction in the absolute case, which uses the 
notion of a coend. So suppose that we have categories X and 5, and a functor 
F : X x X op — > S. The coend of F is a pair (£, s) where s is an object of S 
and C : F ~~ s is a dinatural transformation. Here s is the constant functor at 
s 6 0b(5), and by dinatural we mean that it is natural in both variables. The 
coend is the universal such pair (£, s). If such an object exists, we will denote it 

by 

(100) J F(x,x). 

Fix some universe U and assume that X, S are U-small. If S is cocomplete (i.e. 
admits all filtered U-colimits) then the coend always exists and is given concretely 
by the formula (see Chapter IX, Section 6 of [55] ) 

(101) / F (x, x) = colim j ]J F(x,y)=i ]J F(x,x) 

\f:x^>y£Mor(X) xeOb(X) 

For a given morphism / : x — > y, we get induced morphisms F (x, y) — » F (x, x) by 
contravariance in the second variable and F (x, y) — > F (y, y) by covariance in the 
first variable. These induce the two morphisms appearing in the above formula, 
and J F (x, x) is the coequaliser of these two arrows. 

Suppose now that C is a Tannakian category, and let w\ , L02 ■ C — > Qcoh (5*) be two 
fibre functors on C. In his article [23|, Deligne uses coends to show that the functor 
on S'-schemes 

(102) (/:T^S0^k°m®(/*owi,/*ow2) 
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is representable by an affine scheme over S. He defines 

(103) L s {w u w 2 )= J oji(V) v ®u 2 {V) 
to be the coend of the bifunctor 

(104) wi ® lo^ : C x C op -> Qcoh (5) . 

In Section 6 of Zoc. c«i., he uses the tensor structure of C to define a multiplication 
on Ls (wi,cd2) which makes it into a quasi-coherent ^g-algebra. He then proves 
(Proposition 6.6 of ioc. ci£.) that Spec (Ls (ui\, 0J2)) represents the functor (|102l) . 
Note that he only proves the corresponding result for S affine, but the general result 
follows by gluing, as is noted in the Introduction to loc. tit.. 

With this in mind, let us return to the case where we are interested in. So let C be 
a Tannakian category, let T> be neutral over C, and suppose that uii,u)2 '■ 2? — > C 
are two fibre functors from T> to C. Since Ind (C) is cocomplete, wc can define the 
coend 

(105) L e {ui,ua):= ^1 (V) <8> ^2 (V) v e Ind (C) . 

Suppose that 77 : C — > Qcoh (S) is a fibre functor. Then 77 commutes with arbi- 
trary colimits (as follows from Theoreme 1.12 of [13]), and hence 77 (Lc (loi, UJ2)) — 
Ls (r)0Jx,rjijJ2). This is a quasi-coherent ^5-algebra, functorial in 77, and hence 
Lq (u}%, W2) nas a multiplication making it into a C-algebra. Moreover, since 77 (Sp (Lc (oj±, LJ2))) 
is a (77W1 (tt (2?)) , r]L02 (tt (2?))) bitorsor, functorially in 77, we get the following propo- 
sition. 

Proposition 2.8. The affine scheme 

(106) P c (wi,w 2 ) := Sp(i c (wi,w 2 )) 

is a (7r (2?)) , W2 (tt (2?))) bitorsor in the category of affine schemes over C. 

What we actually want, however, is a (Gc (2?, u> 2 ) , Gc (2?, w 2 )) bitorsor, and we now 
show how to get such an object. Suppose that V 6 T>. Then by the definition of 
Lq (wi,W2) we get a morphism 

(107) UJ! (V) ® UJ 2 (V) V -»-Lc (W1.W2) 

which corresponds to a morphism 

(108) wi(V) ->-w 2 (F)®i c (wi,W2). 

Thus a morphism Lc (wi,k>2) ~~ ► -R for some C-algebra i? defines an 2?- linear mor- 
phism 

(109) uji (V) ® R -> w 2 (V") <g> 2? 

which is in fact an isomorphism, since it is an isomorphism functorially in fibre 
functors on C. 

Definition 2.9. Define Ptriv (<^i, 0J2] to be the sub-functor of Pe ((^1,(^2) which 
takes R to the set of all morphisms Lc (u\,U32) — ► R such that for every V in the 
essential image of t : C — > T>, the induced automorphism of 2? eg) V is the identity. 
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Lemma 2.10. Suppose that C is neutral. Then Ptriv (wi,W2) is representable by an 
affine scheme over C, and is a (Gc (D, co\) ,Gc (T>, 0J2)) bitorsor in the category of 
affine schemes over C. 

Proof. First note that if V £ Ob (2?), then u>j (it (V)) acts on uji (V) by applying 
u>i to the action of it (V) on V, and Gc (T>,u>i) is the largest subgroup of u>i (it (V)) 
whose action on uji (V) is trivial for all V in the essential image of t. This can 
be seen by choosing a fibre functor on C, where it becomes clear. Now, if p G 
-Ptriv (wi,W2) (R) and g E Gc (D, co\) (R) then gp € Pc ((x>i,cj 2 ) (R) acts trivially on 
everything of the form t (W), and hence lies in P t riv (wi, w 2 ) (R)- Hence Gc {V,UJ\) 
acts on Ptriv (wi,w 2 ). Yorp,p' e P tr i v (oji, cu 2 ) (R), p~ x p' is an automorphism of V® 
R which is trivial for all V in the essential image of t. Hence it must be an element 
of Gc (T>, bj\) (R) C co (tti (V)) (R). The same arguments work for Gc (T>, cj 2 ) ■ 

To complete the proof the Lemma, we must show that Ptriv (^1,^2) is represented 
by a non-empty affine scheme over C. By similar arguments to before, one can see 
that the fundamental group tt (C) of C is the formal Spec of the Hopf C-algebra 

(110) L c (id, id) = colim ( \\ V <S> W v =4 ]J V ®V y 

\f:V^W&Aor(C) VGOb(C) 

and hence one can construct a morphism of affine C-schemes 

(HI) P C (W1,W2)->7T(C) 

which is the formal Spec of the obvious morphism from 
(112) L c (id, id) = colim ]J V ®W V =4 ]J V ®V y 

\f:V->-WeMor(C) VGOb(C) 

to 

(113) 

Lc (wi,cj 2 ) 

= colim I ]J wi (X) ® w 2 (Y) v 4 [J wj (X) ® w 2 (X) x 

\/:X^y£Mor(I>) XeOb(X>) 

Then Ptriv (t*>i, ^2) is then the fibre of Pc (u>i, cj 2 ) — > tt (C) over the identity section 
Sp (1) — > 7r (C). Hence it is the formal Spec of the algebra L tr i v (^1,^2) defined by 
the pushout diagram 

(114) L c (id, id) > 1 



Lc (wi,cj 2 ) > Ltm (wi,W2) 

and is thus representable by an affine C-scheme. 

To prove that P tr i v (wi, w 2 ) ^ 0, it suffices to show that 77 (Ptriv (^1,^2)) 7^ for all 
fibre functors r\ : C — > Qcoh (5). For any S'-scheme / : T — > 5, 77 (Ptriv (wi, w 2 )) (T) 
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is the subset of Isom® (/* o rjoJi, /* o 77012) which maps to the identity under the 
natural map 

(115) r : Isom® (/* o rjuii, f* o 7703) -> Aut® (/* o rf) . 

There is certainly some S'-scheme / : T — > S such that the LHS is non-empty. 
Pick such a T, and pick some p G Isom® (/* o tjuji, f* o 77012). Since the morphism 
wi (7r (£>)) — > 7r (C) admits a section, the induced homomorphism 

(116) Aut® (/* o 770-1) -> Aut® (/* o 77) 

is surjective, and hence there exists some g G Aut® (/* o 770-1) mapping to r (p) G 
Aut® (/* orf). But now simply note that p' :— g~ x p is an element of the set 
Isom® (/* o 770-1, f* o 77^2 ) such that r (p') = id, and thus 77 (Ptriv {^1,1^2)) (T) ^ 
0. □ 

We can summarise the results of this section as follows. Suppose that T> is neutral 
over C, and 0-1,0-2 : P — > C are two fibre functors. One can consider the functors of 
C algebras 

(117) Isom® (o>i,o> 2 ) : C-alg -> (Set) 

R 1 — y Isom® (o-i (-) ® P, o 2 (-) ® P) 
Aut® (id) : C-alg ->• (Set) 

P i-> Aut® ((-)®P) 

as well as the subfunctor Isom® (tJi, 0*2) , the 'functor of C-isomorphisms o-i — >• 1^2', 
defined to be the fibre over the identity of the natural morphism 

(118) Isom® (oh , an) -> Aut® (id) . 

The following is just a rephrasing of the properties of Ptriv (^l, 0-2) proved above. 

Theorem 2.11. The functor Isom® (0-1,0-2) * s representable by the affine scheme 
Ptriv (wi, 0-2) overC, which is a (Gc (P, o-i) , Gc (2?, w 2 )) bitorsor. 

Remark 2.12. Although for this section we have been assuming that our base cat- 
egory C is neutral Tannakian, almost all the results apply, with the same proofs, if 
we only assume that C is Tannakian. We don't know whether or not Theorem 12.61 
holds, but the construction of the bitorsors Ptriv (wi, w 2 ) is certainly valid, and this 
is mainly what we will be using. 

If / : X — > S is a 'good' morphism over a field of characteristic zero, and p, x are 
two sections of S, one can apply the above methods to obtain an affine scheme 
over IC(5), the torsor of paths from x to p. We can consider this as an affine 
scheme P (x) — nf R (X/S,x,p) over S, together with an integrable connection 
on ^p( x ) (as a quasi-coherent &s algebra). This is naturally a left torsor under 
7T^ (X/S,x) and a right torsor under 7rf R {X/S, p) =: G. Moreover, the action 
map P (x) xG->P (x) is compatible with the connections, in the sense that the 
associated comodule structure 

(119) g p{x) -> e P(x) ®e s e G 

is horizontal, the RHS being given the tensor product connection. If G n is the 
quotient of G by the nth term in its lower central series, we will denote the pushout 
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torsor P (x) x G G n by P {x) n . As before, the action map P (x) n x G n — > P (x) n is 
compatible with the connections. 



2.2. Lie crystals in S- m {. In this section we show how to view G n as a "non- 
abelian crystal" on the infinitesimal site of S. In order to do this, we first need to 
recall some facts about unipotent groups over schemes of characteristic zero. So let 
S be such a scheme, i.e. such that the unique map S — > Spec (Z) factors through 
Spec (Q). If G/S is a flat group scheme of finite type, then following we say that 
G is unipotent if for every point s G S, closed or not, the group scheme G s /k(s) 
is unipotent. Let C (G) denote the relative tangent space of G/S at the identity 
section. It is a vector bundle on S whose fibre at every point s is the tangent space 
of G s at the identity. One can put the structure of a Lie ^-algebra on L (G), and 
the fibre C (G) ®<y s k (s) is isomorphic to the Lie algebra of the fibre G s for every 
point s € S. Since each G s is unipotent, each fibre C (G) ®e s k ( s ) is a nilpotent 
Lie algebra, moreover the nilpotence degree is at most the dimension of the fibre, 
which is locally constant on S. In particular, if we assume that S is noetherian, 
then the nilpotence degree of C (G) (g>^ s k (s) is uniformly bounded on S. Hence 
the Lie algebra £ (G) is nilpotent, i.e. for some large n the map 

(120) :£(G)-+C(G) 

(Si, •••,#») >-> [fflj[ff2,---[ffn-l,ffn]]---] 

is zero. In particular we can define a composition law on C (G) via the 'Campell- 
HausdorfP formula 

(121) (x,y) h-> x + y + -[x,y] + ^[x, [x,y]] ~ ^_[y, [x,y\] - —[y, [x, [x,y]]] + ... 



n>0 n+Si>0 
Ki<n 



ri!si! . ..r n \s n \ 



x ri y Sl ...x r -y a 



where 
(122) 

[x ri y Sl . . . x r "y Sn ] = [x, [x,... [x, [y, [y, . . . [y, ... [x, [x, . . . [x, [y, [y,... y] 



This makes sense by the nilpotence of the Lie bracket. If S = Spec (k) is a point, (k 
a field), then it is well known that G is isomorphic to its Lie algebra, once the latter 
is given the Campbell-Hausdorff group law. This still holds for general S. 

Theorem 2.13. ( [39], Chapter XV). Let G/S be a flat, afflne, unipotent group 
scheme, with S of characteristic zero. Then there is an isomorphism of S-schemes 

(123) 5pec s (Sym (£ (G) v )) = G 

In particular, as a scheme, G is just an afflne bundle over S. Moreover, if the LHS 
is equipped with the Campbell-Hausdorff group law this is an isomorphism of group 
schemes. 



Remark 2.14. In fact, for the conclusions of the theorem to hold, one only needs to 
check that G s /k(s) is unipotent for all closed points s 6 S. 



34 



CHRIS LAZDA 



If we let G = G n = tt\ R (X/S,p) n for a 'good' morphism / : X —> S with section 
p, then this certainly has unipotent closed fibres, and hence by the above remark 
the conclusions of the theorem hold, and G n can be recovered from the Campbell- 
Hausdorff law on its Lie algebra ££ n — C (G n ). We can use the connection on ££ n to 
extend this sheaf to the infinitesimal site of S, whose definition we now recall. 

Definition 2.15. An object of the infinitesimal site Inf (S) is a triple (U,T,S) 
where U is an open sub-scheme of S and 5 : U ^ T is a closed immersion defined 
by a nilpotent ideal sheaf J? C &t- A morphism is just a commutative diagram 

(124) U' > T . 

U >T 

We put a Grothendieck topology on Inf (S) by saying that a family 

(125) {Ui,Ti,8i)^(U,T,S) 

is a covering if and only if {Ti} is a Zariski covering of T. The associated topos 
(category of sheaves) is denoted S- m i . 

Of course, there is the usual interpretation of a sheaf on Inf (S) as a collection of 
Zariski sheaves J^r on every nilpotent thickening T of an open subset of S, together 
with morphisms <fi u : u~ x — > <^T' for every morphism u : T' — > T in Inf (S). 
Let <^s inf denote the object of 5;„f sending T to &t- Then this is a sheaf of rings 
in Inf (S), and an 6s itA -module is just a collection {^ T } T of i^V-modules with 
morphisms (j) u : u* ' — > &t> as above. (Here u* denotes module pullback). Such 
a module is said to be coherent if &t is a coherent ^-module for all T. 

Definition 2.16. A crystal of ^?s int -modules is a coherent ^s laf -module for which 
the 4> u are all isomorphisms. 

If & is a crystal in 5i n £ then the Zariski sheaf j^g is a coherent ^-module, more- 
over, it is described in Chapter 2 of [7] how to use the structure of a crystal on & to 
put an integrable connection on ■ They also prove the following theorem. 

Theorem 2.17. ( JW, Proposition 2.11). The functor « s an equiva- 

lence of categories between crystals of &s iat -modules and coherent 6 'g-modules with 
integrable connections. 

The theorem implies that Jzf n extends to a crystal of Lie algebras in S- ln {, which 
moreover is nilpotent. 

Definition 2.18. ^ n is defined to be the sheaf of groups on Inf (S) whose under- 
lying sheaf is Jzf ra , and whose multiplication is given by the Campbell-Hausdorff 
law. 

Since srf n is a colimit of vector bundles with connection, we can extend s^ n to a 
'quasi-coherent crystal of ^g inf -Hopf algebras'. In particular, for every object T of 
Inf (S) we get a quasi- coherent sheaf of ^r-Hopf algebras T , which corresponds 
to a unipotent group scheme (G n ) T over T. The Zariski sheaf (^ n ) T is then just 
the sheaf of sections of this group scheme. 
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2.3. Non-abelian cohomology and period maps. Let be a group object in 
Sinf. Following Giraud ( [28], Chapitre III, Definition 1.4.1) we define a right ( S- 
torsor to be an object G Si n { which covers the final object e (i.e. such that the 
canonical map 3? — » e is a surjection), together with a map 3? x — ► g? satisfying 
the usual axioms for an action, such that the associated map g 3 x — > g^x g^ given 
by (Pi9) ^ ip9iP) is an isomorphism. A morphism of torsors is a map — > 
commuting with the Sf-action, any such morphism is an isomorphism. 

Definition 2.19. ( 28 , Chapitre III, Definition 2.4.2). H 1 (S in{ , &) is by definition 
the pointed set of isomorphism classes of ^-torsors. 

Now let G/S be a unipotent group scheme, and suppose that 6q, considered as a 
quasi-coherent sheaf of algebras on 0s, is equipped with an integrable connection 
which is compatible with the Hopf algebra structure. By the discussion above the 
sheaf of sections of G in S^ar (the Zariski topos of S) extends to a sheaf & in 5; n f , 
given by the Campbell-Hausdorff multiplication on the extension of the Lie algebra 
of G to a crystal of Lie algebras in S ln f. Let P be a right G-torsor over S. Since G 
is unipotent, P is trivialised Zariski locally on S, and hence is locally isomorphic to 
G. It is thus a vector scheme over S 1 , since G is, and in particular it is affine over 
5 1 , isomorphic to Spec s (<ffp) for a quasi-coherent ^g-algebra Op. 

Definition 2.20. A V-torsor under G is some P as above, together with an inte- 
grable connection on Gp , compatible with the algebra structure, and such that the 
comodule map 0p — » Gq ® @p is horizontal. 

There is an obvious notion of morphism of V-torsors, every such morphism is an 
isomorphism, and we denote the set of isomorphism classes by ffy (S,G). Let P 
be a V-torsor under G. Then the connection on allows us to extend it to a 
quasi-coherent algebra of crystals on S- m f, and hence for every object T of S- m { we 
get a quasi-coherent ^r-algebra (Gp) T . Since the comodule map is horizontal, this 
is naturally a comodule for the ^r-Hopf algebra (Gq) t . Thus if we define a sheaf 
9* on Si n { by taking s (T) to be the set of global sections of Spec T {{Gp) T ) — > T, 
then naturally becomes a right ^-torsor. Hence we get a map 

(126) H$(S,G) H 1 (S ini ,^) ■ 

Theorem 2.21. This map is a bijection. 

Proof. We first give an alternative description of ^-torsors. Let U ^ T be an 
object of Sint , then there is a Zariski sheaf on T which is the sheaf of sections of 
a unipotent group Gt over T. For any torsor gP , the sheaf & 't covers the final 
object of Tzar, and is hence a ^r-torsor. Thus we can define a Gy-torsor Pt asso- 
ciated to &t (i.e. whose sheaf of sections is &*t) by choosing local trivialisations 
and gluing. Pt is unique up to isomorphism, since torsors under unipotent group 
schemes are trivialised Zariski locally. The compatibility maps u" 1 g^T — > for 
morphisms T' — > T induce isomorphisms Pt Xt,u T' = Pt ■ Hence a S? torsor (up 
to isomorphism) is equivalent to the data of a collection of compatible Gr-torsors, 
one for each object U <L -» T of Sj n f. 

If P is a V-torsor under G, then the torsors Pt = Spec T {(Op) T ) as defined above 
are a compatible system, and this gives the map if v (S,G) — > H 1 (Smf,^)- To 
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define an inverse, suppose that we have a compatible collection of Gr-torsors 
{Pt}t- Then Pg is a Gs = G torsor, and the fact that P extends to a collec- 
tion {Pt}t means that Gp has an integrable connection. The fact that the action 
PxG->P extends to compatible actions Pt x Gt — > Pt implies that the morphism 
ffp — > Gq ®Gp is horizontal, and thus P is a V-torsor. The function {Pt}t Ps 
is readily checked to be an inverse. □ 

We can now define the coarse characteristic zero period maps. For every point 
x 6 X (S), and every n > 1 the torsor P (x) n = 7rf R (X/S, x,p) n is an example of 
a V-torsor under G n = 7i"i R (X/S,p) n . Thus it corresponds to a torsor under the 
non-abelian crystal Sf n , and we get a compatible collection of maps 

(127) j n : X (S) ^ H 1 (S ini ,& n ) . 

One would ideally like to go a lot further than this, and define finer period maps 
which Hodge nitrations into account, there is also the question of putting the struc- 
ture of an algebraic variety on these cohomology sets. Our main motivation, how- 
ever, is to look at the positive characteristic case, and we have mainly been using 
the characteristic zero case as a testing ground for our ideas. We will thus leave 
the characteristic zero case here, and simply take from it the encouragement that 
one can define a sensible 'relative period map' in analogy with Kim's methods over 
number fields. 



2.4. Representability. In the last section, for a unipotent sheaf of groups & on 
Sinf, we defined the cohomology groups i?^ In this section we show how 

to make this into a functor of fc-algebras, and ask questions about representability 
of this functor by a scheme over Spec (fc). In order to do this, we must first recall 
some of the formalism of infinitesimal cohomology. 

So let / : X — > S be a smooth morphism of schemes over k. Then the infinitesimal 
site is defined to be category whose objects are triples (U, T/S, S) where U C X is an 
open subscheme, T is a scheme over S and S is a closed immersion (over S) defined 
by a nilpotent ideal. A morphism is then just a commutative diagram. 



(128) 




A family {(?/», Ti/S, Si)} — > (U,T/S,S) is said to be a covering family if the Tj form 
a Zariski cover of T. The infinitesimal site of X/S is denoted by lnf(X/S), and the 
corresponding topos by (A/5) inf . We will usually denote the triple (U,T/S 7 5) by 
T. If we have a commutative diagram 

(129) Y >X 

T >S 

then there is an induced morphism of topoi (Y/T) inf — > (X/S) in{ . Let &x/s,mf 
denote the object of {X/S) inf given by T ^ T(T, G T ). Then ({X/S) in[ , G x /sm) is 
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a ringed topos, and a crystal on X/S is by definition a module of finite presentation 
on this ringed topos. There is a morphism of topoi 



If S = Spec(fc), then we will write Hf n{ {X,<t>). By comparison with de Rham 
cohomology, these are finite dimensional fc-vector spaces. Now suppose that S is a 
smooth variety over k, and let if be a crystal on S. One can consider the functor 
of fc-algebras 



Proof. This is just the statement that T-Lf ni commutes with flat base change. □ 

We would like a 'non-abelian' version of this Theorem, and for this we would ideally 
like a good concept of relative non-abelian cohomology. Instead we proceed by ad- 
hoc methods. Let S be a smooth fc-scheme, and let <$ be a unipotent sheaf of groups 
on Si n f. That is, is the 'sheaf of sections' of some unipotent group scheme G/S, 
endowed with an integrable connection on Gq as a quasi-coherent ^-module. Then 
for any fc-algebra R, we define if^ f (Sr, @r) to be the set of isomorphism classes of 
V-torsors under Gr, where the V refers to connections relative to R. We then get 
a functor 



from k- algebras to sets. 

Question 2.23. Is this functor is representable by a scheme over fc? 

3. Crystalline fundamental groups of smooth families in char p 

Our main goal in this chapter is to apply the relative Tannakian formalism to define 
the fundamental group of a smooth family / : X — > S of varieties over a finite field. 
Once the right machinery has been set up, many of our arguments are word for 
word the same as those we gave in Chapter [TJ although as there, we will be making 
full use of the varied interpretations of the objects we are considering. 

3.1. Overconvergent isocrystals. In this section, we review the theory of over- 
convergent isocrystals, our main reference is [3]. Let k be a perfect field of charac- 
teristic p > 0. Let V be a complete discrete valuation ring with fraction field K of 
characteristic 0, and residue field k. Let m denote the maximal ideal of V. 

Definition 3.1. A rigid triple is a triple T — (X,Y,P) where P is a flat formal 
m-adic V scheme, Y C P is a closed fc-subscheme of P which is proper over Spec (fc), 
and X C Y is an open subscheme such that P is smooth in some neighbourhood of 



(130) u x/s : (X/S) in{ -> S* zar . 

and for a crystal S on X/S, its cohomology is defined to be 

(131) V* d {X/S i S)-.= W'u x / s J<g). 




(134) 



r^h^SrM 



X. 
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Given such a triple T, one defines the generic fibre Pk as follows. Locally, P is 
isomorphic to Spf(A) , where A is a topologically finitely generated V-algebra. The 
generic fibre of Spf(A) is defined to be the rigid space Sp(A(g)y K), and the generic 
fibre of a more general formal V-scheme is given by gluing the generic fibres of its 
open affine subsets. One has a (continuous) specialisation mapping 

(135) sp : P K -> P k 

where Pk is the special fibre of P, i.e. the closed subscheme defined by the ideal 
sheaf mffp C 6 P . 

Example 3.2. If P = Spf(Ay) is the formal completion of affine n-space over V 
then P K is the closed unit ball B"(0, 1) = {{x 1 ,...,x n ) G A™ | \ Xi \ < 1 Vi}. 
More generally if P is the formal completion of some affine variety V C Ay then 

p K = VfrnB n (o,i). 

If W C Pk is any locally closed subscheme, for example X or Y, then one can define 
the tube ]W[p of W inside Pk to be the inverse image of W under sp. Intuitively, 
this is the set of points in Pk whose 'reduction mod m' lies in W C Pk- Note that 
]W[p only depends on the underlying set of W, and is independent of any closed 
subscheme structure we may choose to put on it. Let Z = Y \X be the complement 
of X in Y. 

Definition 3.3. A strict neighbourhood of ]X[p is an admissible open subset U C 
]Y[p such that {U, ]Z[p} is an admissible cover of ]V[p. 

Suppose that U is an open subset of Pk, such that ?7n]F[p is a strict neighbourhood 
of ]X[p. If & is any sheaf on U then we define 

(136) = limjV* J?| w 

w 

the limit being taken over all strict neightbour hoods ]X[pC W C £/n]Y[p, and 
where jw '■ W <-^]Y [p is the inclusion. Let S'bea coherent j^y^-module. We can 
consider S as a ^]y[ p -module via the canonical morphism G\y\ p — > j^^y[ P - 

Definition 3.4. An intcgrable connection on S is a homomorphism of sheaves 

(137) V :g^g® e]Y[p n\ Y[p 

satisfying the Leibniz rule, and such that the induced morphism V 2 : S — > S ®e ]Y[p 
fi] 2 y[ P ^ s zer0 - 

An isocrystal on the triple T = (X,Y,P) is a coherent j^jy^-module with an 
integrable connection as above. A morphism of isocrystals is a morphism of 0\y\ P - 
modules which commutes with the connection, we will sometimes refer to these as 
horizontal morphisms. 

If (X,Y,P) is a rigid triple, with P separated over V, then so is (X,Y,P Xy P) 
and one can consider the tubes ]A[p2,]F[ P 2C Pk X-k Pk, as well as the two pro- 
jections pi,p 2 :]Y[ P 2^]Y[ P . Let ^> n = % x p K //" +1 , where J is the ideal of 
the diagonal in Pk x Pk- One can consider ^™ as a sheaf on Pk, and there are 
two natural structure of a G\y[ P -module on 2? n ' , coming from the left and right 
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ffp K -module structures on &p K xP K - A connection on a j^]y[ p -module S is the 
equivalent to the data of a compatible family of isomorphisms 

(138) e n : j* ® j , &]Y[p S^S ®^ ff]Y[p 

which reduce to the identity modulo j>*?, and which satisfy the usual cocycle 
condition on P K x P K x P K . 

Definition 3.5. ( [3j, Definition 2.2.5). An isocrystal S on (X,Y,P) is said to be 
overconvergent if there exists an isomorphism 

(139) e:p^4p^ 

of sheaves on ]y[pa which induces the isomorphisms e n upon reducing modulo j'Jf, 

Remark 3.6. Overconvergent sheaves are those for which the formal Taylor isomor- 
phism actually converges in some strict neighbourhood of ]A[p2 in ]Y[p2. 

Denote the category of overconvergent isocrystals on T by Isoc^(T). It follows from 
Theorems 2.3.1 and 2.3.5 of [3] that the category Isoc^(T) is determined up to 
canonical equivalence by X alone, and we will denote this category by lsoc'(X/K). 
Thus for any smooth variety which is embeddable in a formally smooth V-scheme we 
have a functorially attached category of coefficients lsoc\X/K). Such embeddings 
always exist locally for smooth varieties X/k, and we can construct the category 
lsoc^(X/K) for arbitrary X by gluing the above constructions along open sets of 
X. For more details on this see Chapter 7 of [ID], the key point is that the category 
Isoc' (X / K) is local with respect to the Zariski topology on X. 

Theorem 3.7. Suppose that X/k is smooth and geometrically connected. Then 
Isoc^ (X/K) is a rigid abelian K -linear tensor category which is functorial in the pair 
(X,K). If x £ X(k) is any k-rational point then the functor x* : Jsoc'(X/K) — > 
Isoc t (Spec(fc)/fs:) = VecK is an exact, faithful, K -linear tensor functor, thus mak- 
ing Isoc' (X/K) a neutral Tannakian category over K . 

Proof. Functoriality is [40] . Proposition 7.3.8. That ~lsoc*(X/K) is Tannakian 
should be well-know, however, we were unable to find a reference in the litera- 
ture. Choose a finite open affine cover X = (J. Xi = Spec (Ai) and embeddings 
X{ ^ y Pi into a flat formal V-scheme which is smooth in a neighbourhood of Xi. 
Let Yi be the closure of Xi in Pj, and Zi the complement of Xi in Fj. The if-linear 
abelian tensor structure on Isoc 1 (X / K) is clear from the local description in terms 
of coherent j' ^xyAp -modules with overconvergent connection. There is also clearly 

a unit object 0* x whose realisation on (Xi,Yi,Pi) is j^y^p. ■ Let x G X(k), and 

assume that x 6 JQ. Denote the residue disc }x[p i by Ux . According to Sec- 
tion 2 of [8] for any overconvergent isocrystal E on X/K, the fibre functor x* is 
given as follows. First one takes the realisation Ei of E on (Xi, Yi, Pi), as a coher- 
ent y ff]Yi[ P -module with integrable, overconvergent connection. Then x*E is the 

K- vector space of horizontal sections on the tube Ux \ i-e. 

(140) x*E = \v E r(C/ (l) , Ei) : V(v) = o} . 

It is clear that x* &x ~ thus according to Proposition 1.20 of [37] we need to 
prove the following: 
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(1) x* is faithful, exact and commutes with the tensor product. 

(2) If E G Isoc* (X / K ) is such that x*E has dimension 1, then the natural map 
E (g)^,t E y — > @\ is an isomorphism. 

Suppose that we know x* is exact. That it commutes with tensor products follows 
from the fact that x* is also given by E n> E^j-tff ]Y [ K(x) for any if-valued point 

x G Ux . Now let E, F be overconvergent isocrystals on X. Then by [19], 2.2 there 
is a natural isomorphism of K- vector spaces 

(141) Hom(£, F) ^ H° ig (X, Hom{E, F)) 

hence to show faithfulness it suffices to show that H® ig (X, E) c — > x*E for any E. 
But since x* is exact, this follows from [19], Lemme 2.1.2. 

Observe that both 2. and exactness of x* will follow if we can show that any coherent 
jt^jy.r -module with integrable overconvergent connection is actually locally free. 
But any such module comes from a coherent ^"y-module with integrable connection 
for some strict neighbourhood of ]^Q[p; in ]^[piJ which must therefore be locally 
free. □ 

3.2. Rigid fundamental groups. We now specialise to the case where our ground 
field k is finite, of order q — p a and characteristic p > 0. We will, throughout this 
section, drop the adjective "overconvergent" as we will consider no other type of 
isocrystal. If U is a smooth variety over k, we will denote by F : U — !> U the 
k- linear Frobenius. An F-stucture on an isocrystal E G Isoc* (U / K) is an isomor- 
phism (f> : F*E E of isocrystals. An F-isocrystal is then an isocrystal equipped 
with a Frobenius structure, and a morphism of F-isocrystals is required to commute 
withFRobenius. The category of F-isocrystals on U/K is denote F-Isoc^ (U / 'K). 
Tensor products of -F-isocrystals are defined in the obvious way, and it is an imme- 
diate consequence of Theorem 13 . 71 that F-Isoc'(U/K) is neutral Tannakian, if U is 
geometrically connected, and admits a rational point x G U(k). 

If U is smooth, one defines A/Isoc 1 ' (U/ K) to be the category of unipotent isocrystals 
on U. This is the full subcategory of isocrystals admitting a filtration whose graded 
pieces are constant. Chiarellotto and le Stum in [19] define the rigid fundamental 
group n" s (U, x) of U at a fc-rational point x to be the Tannaka dual of A/lsocr (J7 /K) 
with respect to the fibre functor x* . This is a pro- unipotent group scheme over 
K. 

Now suppose that g : X — > S is a 'good', proper morphism over k, and let p : S — > X 
be a section. 

Definition 3.8. An F-isocrystal E G F-lsoc^ (X / K) is said to be relatively unipo- 
tent if there is a filtration of E, whose graded pieces are all in the essential image of 
g* : F-Isoc^Syif) -> F-lsoJ {X / K) . The full subcate gory of relatively unipotent 
overconvergent isocrystals is denoted N g F-lsoc* (X / K ). 

The pair of functors 

(142) MgF-lsoJiX/K) ^ ~ t F-lsoc\S/K) 

g" 
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makes J\f g F-Isoc' (X/K) neutral over F-Isoc' (S/K) in the sense of Section [2.11 
Hence we get an affine group scheme over F-Isoc^ (S/K) whose category of repre- 
sentations is equivalent to Af g F-lsov(X/K). 

Definition 3.9. This afhne group scheme is the relative fundamental group 7r" s (X / S ', p) . 

If s G S is a closed point, let i s : X s — > X denote the inclusion of the fibre over s 
and let K(s) denote the unique unramificd extension of K with residue field k(s). 
Let V(s) denote the ring of integers of K(s). In keeping with notation of previous 
chapters, let Tr" s (X/S,p) s denote the affine group scheme s* (n" 6 (X / S , p)) over 
K(s). The pull-back functor 

(143) i* : M g F-Isoc\X/K) -> Aflsoc f (X s /K(s)) 
induces a homomorphism 

(144) <j>:^(X s ,p s )^^(X/S,p) s 
of affine group schemes over K. 

Question 3.10. Is (f> is an isomorphism? 

The question is whether or not the sequence of affine group schemes corresponding 
to the sequence of neutral Tannakian categories 

(145) Aflsoc(X s /K(s)) <- Af g F-lsoc\X/K) ® K K(s) <- F-lsoc\S/K) ® K K(s) 
is exact. 

Thus, as before, this boils down to the following three questions. 

Question 3.11. (1) If E G M g F-lsoc\X / K) ® K K(s) is such that i* s E is 
constant, is E of the form g*F for some F e F-T$oJ(S/K) ® K K(s)l 

(2) If E e N g F-lsoJ(X/K) ® K K(a), and F C i*E denotes the largest con- 
stant subobject, then does there exist Eq C E such that Fq = 

(3) Given E e Isoc f (X s /K(s)), does there exist F G N g F-lsoJ (X / K)® K K (s) 
such that E is a quotient of i*Fl 

Remark 3.12. Actually, in order to apply these criteria, we need to know that the 
kernel of the homomorphism of group schemes corresponding to 

(146) N g F-lsoc\X/K) ® K K{s) <- F-lsoc\S/K) ® K K{s) 

is pro-unipotent, or using Lemma 1.3, Part I of [44] , that every object E of the 
category N g F-lsoc* (X/K ) ®k K(s) has a non-zero subobject of the form f*F for 
some F G F-lsoc\S / K) ®x K(s). Let Eq denote the largest relatively constant 
subobject of E, considered in the category A/^F-Isoc' (X/K). Then functoriality of 
Eg implies that a K(s) module structure K(s) — > End(E') will induce one on Eq. 
Hence we must show that an L-module structure on f*F induces one on F. But 
now just use the section p to get a homomorphism of rings End(/*-F) — > End(i 7 '). 

We will only give an affirmative answer to Question 13.101 when the base is an affine 
curve, and under some mild technical hypotheses on X. We will then use a gluing 
argument to construct tt" s (X/S,p) for (not necessarily affine) curves. Our method 
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with make heavy use of Bcrthclot and Caro's theory of arithmetic P-modulcs, some 
of the basics facts of which we will now recall. 

3.3. Base change for affine curves. Hypotheses and notations will be as in 
the previous section, except that we now assume that S is an affine curve. Let 

5 C S' be 'the' compactification of S, we will denote by H the complement 5" \ S. 
Throughout, F will denote the fc-linear Frobenius. We will make the following 
additional technical hypothesis. 

Hypothesis 3.13. There exists a smooth and proper formal V-scheme £P, an 
immersion X — > P of X into its special fibre, such that the closure X' of X in P is 
smooth, and there exists a divisor T of P with X = X' \ T. 

Let denote a lifting of S' to a smooth and proper formal V-schcmc. After 
replacing 9> by & x v & , T by prT/^T) U pr^ 1 (H) and X' by the closure of X 
inside P S' , we may assume that there exists a smooth and proper morphism 

6 — > .y extending g. In particular there exists a proper morphism g' : X' — > S' 
extending g. 

Remark 3.14. (1) We should eventually be able to remove this technical hy- 
pothesis, using methods of " recollement" , but we do not worry about this 
for now. 

(2) One non-trivial example of such a g is given by a model for a smooth, 
proper, geometrically connected curve C over a function field K over a 
finite field. In this situation S' is the unique smooth, proper model for K, 
X' is a regular, flat, proper S"-scheme, whose generic fibre is C, S C S' 
is the smooth locus and X is the preimage of S. Since X' is a regular, 
proper surface over a finite field, it is smooth, hence projective, and the 
above hypotheses really are satisfied. 

In this section we will prove the following two theorems. 

Theorem 3.15. (1) Let E G N g F -IsoJ {X / K) ® K K(s) and suppose that i*E 
is a constant isocrystal. Then there exists E' £ F-Isoc^ (S/K) ®k K{s) 
such that E = g*E' . 

(2) Let E e J\f g F-lsoc\X/K) ® K K(s), and let F a C i* s E denote the largest 
trivial subobject. Then there exists Eq C E such that Fq = i* s Eq. 

Theorem 3.16. Let E e Aflsoc^ (X s / K (s)). Then there exists some object E' G 
A/"gF-Isoc t (A7i ; such that E is a quotient of ' i*E' '. 

Remark 3.17. The reason we have used categories of overconvergent f-isocrystals 
rather than the more natural approach using overconvergent isocrystals without 
Frobenius is that the theory of 'six operations' has only fully been developed for 
overconvergent i^-isocrystals. The missing ingredient in the theory for overcon- 
vergent isocrystals is a proof that overconvegent isocrystals are 'overholonomic'. 
So while our results will give the 'correct' answer, they are not currently entirely 
satisfactory, and in some sense are a bit of a 'fudge'. If six operations were to be 
resolved for overconvergent isocrystals in general, then we would be able to deduce 
results for smooth fibrations over any perfect field of positive characterisitc, not 
just over finite fields where we can linearize Frobenius structures. 
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3.3.1. Arithmetic V-modules. It would be far too much of a detour to go through 
all the definitions relating to Berthelot and Caro's theory of arithmetic £>-modulcs, 
instead we will make a quick summary of notation, and refer the reader to the series 
of articles [IHBJ and [9HT5] for the actual details. 

So let q denote the ring of overconvergent differential operators on SP, as 
defined in [4] . The notion of overholonomicity of ^-modules and complexes is 
defined in [13], and we will denote by {F-)^ smho \{&^ M ) (resp. {F-)D b smhol {^^) 
the category of overholonomic (F-)@^> Q-modules (resp. {F-)@@>® complexes). 
For a closed subset Z C P the functors Wr} z and ( T Z) are defined in [5], that they 
preserve overholonomicty is proved in [13] . 

We will denote by F-D b suihol (V x ) the full subcategory of F-D b uihol (£>l? q ) consist- 
ing of objects £ satisfying X')£ = and K£ T (£) = 0. This is shown in Section 
3 of [T3] to depend only on X, justifying the notation. Similarly, we will denote 
by F-D b ulhol (T>s) the full subcategory of F-D b urhol (^^ Q ) consisting of objects £ 
satisfying MTj H (£) = 0. Denote by Og> the dual functor defined in [43], and let 
^&>,t = yT) o D^s. It is show in Section 3 of [T3] that this preserves the subcat- 
egory Dg Urhol (2?x)- The relative duality isomorphism is shown to commute with 
Frobenius in Section 4 of [T], and this shows that the functor V>x = H>&>,t on 
-F-^surhoi^v) depends only upon X. 

In Theoreme 3.7 of [13], Caro proves factorisations 

(147) F-D b (V x ) F-D b (V s ) 

^"-^surholC^^.Q) ^ ^"-^surhol^J^.Cj) 

and 

(148) F-D b sm UVs) > F-D b (V x ) 



b t M £x'°( tT ) / ! 6 + 

(these should be taken as the definitions of g+ and g). These functors are shown to 
depend only on g, and are denoted g+ and g' respectively. Define g\ — Og og + ol x 
and g + = Dx oj ! o Dg. These agree with the definitions in Section 3 of loc. 
cit.. 

Let sp^- + : F-Isoc' (X/K) — > F-^, co h(T>x) denote the functor defined by Caro 
in [T2]. This functor is fully faithful, and in [IB], Caro and Tsuzuki show that 
it factors through F-fi sxi - [ \ LO \{'Dx)- It is noted in loc. cit. that this implies that 
overholonomicity of ^-complexes is preserved by the tensor product <g>^, . We 

will denote the restriction of ®^ [dx'/p] to F-D b ulhol (T>x) by <8>^- We will 
denote by F-D b soc (T>x) the full subcategory of F-D b nThol (T>x) whose cohomology 
sheaves are -F-isocrystals, and similarly for S. If M = sp^ + E then we will write 
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E = $p* x M . The fact that sp x , is fully faithful means that this is functorial in M 
(and provides a quasi-inverse to s\) x , ). 

Proposition 3.18. (1) There is a canonical isomorphism 

(149) s Px , + (F ®^ E') S s Px+ (F) ®^ S p x+ (£') 

/or any E,E' £ (F-)Isoc'(.X"/FJ). T/ie same afeo ZioZds /or 5. 
(2) For £ G (F-)D b sulhol {V s ) and E e (F-)Isoc t (S , /iC) we have 

(150) 7T(f ®^ sp St+ E) = H\£) ®^ S p Si+ (F) 

<* sp Si+ (sp^(S) ®„, F). 

Proo/. (1) This is Proposition 4.8 of [14]. 

(2) We first reformulate the result we wish to prove. First we note that by 
Lemme 1.2.12 of [TS] we can identify (F)-P/ urllol (2?s) with the category 

( i? )-- D surhoi(^( t - ff )Q) where ^('H)q is the ring of arithmetic differential 
operators with overconvergent singularities along H. By 1.5 of [2] we can 
replace the tensor product over by that over G$>\} H)q, and by 4.4.5 

of [I], sp s + E is coherent over Gy(^H)q. Finally using the definition of 
tensor products over G y(JH)q as described in loc. cit., we see that suffices 
to prove the assertion over the finite level subrings S>^\h)q and ^^Tq 
(where £ is replaced by any coherent complex ^^(.ff)Q-rnodules, and E 
by any coherent (iPjQ-module which is ^^Q-coherent). 

So let £, be a coherent complex of (iT)Q-modules, and let E be a 

coherent ^^(fTjQ-module which is coherent as a ^^Q-module. Since E 

is locally projective by 4.4.2 of [4], and coherent as a ^^Q-module, we 
have an isomorphism 

(151) = £ E = £ ® J(m) F 



□ 



and the result follows. 
We will also need the following facts. 

Facts 3.19. Let d = dimX — dimS* = dimX s , and denote Tate twists by (•). 

(1) For overconvergent F-isocrystals, g'[—2d](—d) is left adjoint to g+. 

(2) For any E e F-Isoc t (S/K), 3 ! sp^ + (F)[-o!] SS sp x>+ (g*E). 

(3) If £ £ F-Dl oc {V x ) then g + £ e F-F? soc (2? s ). 

Proof. (1) This follows from the fact that g + and <jr[— 2<i](— d) agree for over- 
convergent F-isocrystals, see for example §1.4.5 of |14j . 

(2) This follows from is Propositions 4.1.6 and 4.1.8 of [T2] . 
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(3) This is Theoreme 4.2.12 of [15]. 

□ 

Remark 3.20. We will generally drop the functors sp + from the notation, and 
consider an F-isocrystal an an overholonomic P-module. 

We will also need to consider the following situation. Let s G S be a closed 
point as above. We can view s as a closed subscheme of S', and hence the cat- 
egory of overholonomic 2?-modules on s is equivalent to the full subcategory of 
F-Dg Urhol (^^ q) with support in s, i.e. satisfying WT^(£) = £. Similarly we can 

consider F-D b ulhol (D Xe ) as a full subcategory of F-D b surhol (3i%>^. Let i s : X s -)• X 
denote the inclusion map and g s : X s — > Spec (k) the structure map. We have the 
functors 

(152) i := MT Xs : F-D b ulhol (Vx) -> F-D b sulhol (V Xa ) 

s l := RTj : F-^ urhol (2? s ) -> P-D^hdC^*)) 
We also have, by [T3], Theoreme 3.7, the factorisation 

(153) F-D*(V Xi ) F-D b sulh jV Hs) ) . 

P 

Note that the dependence of these functors is indicated in the notation, i.e. g s+ 
only depends on g s . 

Remark 3.21. Note that all of the above Facts |3~TT)1 hold with g replaced by g s , 
X replaced by X s and S replaced by Spec(fe(s)), with the same proofs. Also, the 
statement of Propositions 4.1.6. and 4.1.8 give us isomorphisms i[E[ds] — i* s E for 
E 6 F-lsoc\X/K) and s'E'[d s ] = s*E' for E' G F-lsoJ(S/K). 

Facts 3.22. Let d — d x /s be as above, and let ds = dim 5. 

(1) Suppose that £ G F-D b soc (V s ). Then W{s £ [d s ]) = s*W{£) for all i G Z. 

(2) There is an isomorphism of functors 

(154) s ! o S+ = . 9s+ o i[ : F-£> s 6 urhol (2?;r) -> F-i? s b urhol (P fe(s) ). 

(3) For any E G F-Isoc t (X s / J ft:(s)) we have W*(fl s+ ^[-rfj) = H } lg (X s , £) (d) . 

(4) For any E G F-Isoc^X/if), d] is quasi-isomorphic to a complex 
concentrated in non-negative degrees. 

Proof. (1) Follows from 1.4.5 of [14]. 

(2) We need to show that KT_J o f + = f + o MT X on the full subcategory of 
F-D b mhol (^ Q ) consisting of objects satisfying Mr} T (£) = and $X')£ = 
0. Let P s be the fibre of P over s, then by Theoreme 2.2.18 of [S] there 
exists a functorial isomorphism 

(155) irto/ + (f)S/ + oKT^(f) 
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for £ e F-D b sulhoi (^ Q ). Since ftnl' = X s , we have by by Theoreme 

2.2.8 of loc. cit. that KT^ ^ RT^ oir^,. Hence if $X')£ = then £ = 

UT_ X ,(£) and hence KTp (5) = (£). Moreover, all these isomorphisms 
are functorial. 

(3) By our assumptions on X, we have a closed immersion X s — > & into a 
smooth and proper formal V-scheme. Note also that d — dimX s . If we 
ignore Frobenius structures, then this follows from the proof of Lemme 
7.3.4 of [11]. Although the statement of the Lemma claims to take into 
account Frobenius structures, according to Remark 3.15, (iii) of pQ, this 
is incorrect, and needs a Tate twist. To get the correct statement for 
Frobenius structures, we simply combine Theorem 3.14 of loc cit. together 
with the cohomological descent used in the proof of the Lemma. 

(4) We know from Facts l3~T9l that g + E[— d] has F-isocrystals for cohomology 
sheaves, and hence using 1., 2., 3. and Remark 13.211 we can see that 

(156) s*n l (g+E[-d}) S U l {s g + E[-d + d s ]) 

^n l {g s+ v s E[-d + d s ]) 
^W(g s+ i* s E[-d]) 
H^{X s ,i*E){d) 

In particular, s*W{g+E[-d]) = if i < 0. Hence W{g+E[-d\) = for 
i < 0, and since g + E[— d] is bounded below, this means we can inductively 
find a quasi- isomorphic complex which is concentrated is positive degrees. 

□ 

Remark 3.23. Since we are assumming that X' is smooth, an analogous statement 
to 3. holds for X, with the same proof. 

3.3.2. Proof of Theorem\JJE Now let E e NgF-1so<$(X/K) and E' € F-Isoc* (S/K). 
The adjunction between g'[—2d](—d) and g+ shows that 

(157) Kom F _ DLiiwi(Vx) {g'E'[-2d],E[-d]) 
= Hom F . DLM {T>s) (E'(d), 9+ E[-d}). 

It follows from the above facts that, defining g*E = H°(g+E[—d})(—d), this sim- 
plifies to 

(158) Hom F . WWJf) (g*E', E) = Hom FW(s/K) (£'(rf), (g*E)(d)) 

= Hom F . Isoct (5/ K )(E' , g*E) . 

Hence we get an adjunction 

(159) g* : F-Isoc f (5/ K ) \ j A/" g F-Tsoct (X/K) : g* 

Uom F _ Isoc i (x/K) (g*E',E) = Rom F . Isoc t (s/K) (E' ,g*E). 

Note that by exactly the same arguments (using Remark 13.2 1[) . we get a similar 
adjunction between F-VecK( s ) and M gs F-lsoc [ {X s / 'K(s)). Note that this category 
is not what is usually referred to as the category of unipotent F-isocrystals. It 



RELATIVE FUNDAMENTAL GROUPS AND RATIONAL POINTS 



47 



is the category of -F-isocrystals which are iterated exensions (as F-isocrystals) of 
'constant' isocrystals, i.e. those of the form (V <&k(s) @ x , <^ ® id)- 

Proposition 3.24. If E £ Af g F-lsov (X/K) is such that i*E is trivial, then the 
counit of this adjunction g* g*E — > E is an isomorphism. 

Proof. By functoriality of the adjunction and the base change results recalled above, 
when we restrict this morphism to the fibre over s, we just get the counit of the 
adjunction 

(160) g* : F-Vec K(s) 7^ A^F-W (X s /K(s)) : g s * . 
This adjunction has a simple description, as the identification 

(161) Rom^ gsF . lsocHXs/K(s)) (^ X3 ® K(s) V,E) = Rom F . VeCK(t) (V,H° ig (X s ,E)). 

Hence we are reduced to showing that if the underlying isocrystal of E is constant, 
then the counit H® ig (X s , E) ®k(s) @x ^ E oi this adjunction is an isomorphism. 
But this follows from Corollary III, 1.7 of [IS]. □ 

Proof of Theorem \3.15\ Because and g* are functorial, they extend to give ad- 
joint functors 

(162) g* : F-Isoc f (S/K) ® K K(s) < 1 AZ^F-Isoc* (X/K) ® K K(s) : g* 

such that the counit g* g^E — > E restricts to the counit of the adjunction 

(163) g* s : Vec K(s) W (X s /K(s)) : g St . 

on fibres. Exactly as in the proof in characteristic zero, if we let Eq — g*g*E, then 
i* s Eq is the largest trivial subobject of i* s E, proving (2), and if i*E is trivial, then 
the previous proposition shows that E = Eq, proving (1). □ 

3.3.3. The universal unipotent isocrystals U n . We now turn our attention to The- 
orem 13.161 Our approach will be to define objects U n such that every E 6 
A/Tsoc^ (X s /K(s)) is a quotient of U® m for some integers n, m, and then show 
that the U n extend. We borrow heavily from similar ideas used in Section 2.1 
of If E is an F-isocrystal on X s /K(s), then the Frobenius structure induces 
a F(s)-linear map </> : H l (X s ,E) H l (X s ,E), which is an isomorphism according 
to [27]. 

In order to construct the U n , we will need the following. 

Proposition 3.25. Suppose that E,E' € Isoc' (X s /K(s)). Then there are canoni- 
cal isomorphisms 

(164) Hom l8oct(x>/K(a)) (£, E') = H® ig (X s ,Hom(E, E' j) 

Ext WpWK(s)) (£,£') = H} is (X s ,Hom(E,E')) 
and moreover if E, E' have Frobenius structures, this induces an isomorphism 

(165) Uom F _ lsocHXs/K{s)) (E,E') - H° g (X s , Hom(E, E') f =1 
as well as a surjection 

(166) Ext F _ lsocHXs/K{s)) (E,E>) -» Hh g (X s ,Hom(E,E'))^= 1 
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Proof. The first isomorphism is clear, and this immediately implies the third. The 
second is Proposition 1.3.1 of [20], from which the fourth is then easily deduced. □ 

We define the U n inductively as follows. U\ will just be & x , and U n+ i will be the 

extension of U n by Xb ®k(s) Hhg ( x si U^) V corresponding to the identity under 
the isomorphisms 

(167) Ext Isoct(AVif(s)) (U n , e\ s ® K{S) H\ g (X s , C/„ v ) v ) 

- #rig ( X s, U% ®K(s) ffrfg ( X *i U n)j 

— H kg ( X s> U n) ®K(s) #rig ( X s, U%) 

= End K(s) (H\ g (X.,UX)). 

If we look at the long exact sequence in de Rham cohomology associated to the short 
exact sequence -)• U% -> U% +1 -> ff Xg ® K {s) H± g (X„, U%) -> we get 

(168) -> ff r ° ig (X s , C#) -> ff° g (X s , C/„ v +1 ) -> ff r \ g (X s , C/„ v ) A ... 

■ H xig (X s . U%) -> flrfg (X s , 
Lemma 3.26. The connecting homomorphism 5 is an isomorphism. 

Proof. In fact we will show that 6 is the identity. By dualizing, the extension 

(169) -> C/ n v C/ n v +i ^ tf r x ig (X„ EC) 

corresponds to the identity under the isomorphism 
(170) 

Ext Isoct(Xa/K(s)) (4 S ®JCW ^ri g E#) , EC) = End K(s) (# r \ g (X s , E#)) 
Now the Lemma follows from the following claim. 

Claim. Let —> E — > F — > G x <E>k(s) V — ^ be an extension of a trivial bundle by 
E. Then the class of the extensions under the isomorphism 

(171) Ext Isoct(Xs/K(s)) (< s ® K V, E) S V v ® k(s) H l Tis (X S ,E) 

is just the connecting homomorphism for the long exact sequence 

(172) -> ff r ° ig (X s , E) -> ff° ig (X s , F) ->• V -»• fljg (X s , E) 

Proof. This follows for V = -K"(s) by direct computation, for V = K(s) n by addi- 
tivity, and for general V by choosing a basis. □ 

This completes the proof of the Lemma. □ 

In particular (X S) U n ) = H® ig (X s , G x ) = K(s) for all n, and since the induced 
homomorphism H^ ig (X s , U%) — > H^g ( x s, E^n+i) is zero, it follows that any exten- 
sion of U n by a trivial bundle V <8>k(s) @x ^ s s P u ^ after pulling back to I7 n +i. Now 
let a; = p(s), tii = 1 e i* (E7i) = K(S), and choose a compatible system of elements 
ii„ G x* ([/„) mapping to u\. 
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Definition 3.27. Define the unipotent class of E £ TVlsoc^ (X s /K(s)) inductively 
as follows. If E is trivial, then we say E has unipotent class 1. If there exists an 
extension 

(173) ->• V ® K{s) ^ Xa -)• E ->• E' ->■ 

with E' of unipotent class < m — 1, then we say that E has unipotent class < m. 
Finally we say that E has unipotent class m if it has unipotent class < m, but not 
unipotent class < m — 1. 

Proposition 3.28. Let F £ A/lsoc^ (X s /K(s)) be an object of unipotent class 
< m. Then for all n > m and any f £ x* (F) there exists a unique homomorphism 
a : U n — >• F such that (x*a) (u n ) = f . 



Proof. As in the characteristic zero case, we copy the proof of Proposition 2.1.6 
of [29] and use strong induction on m. The case m = 1 is straightforward. For the 
inductive step, let F be of unipotent class m, and choose an exact sequence 



(174) 







e^fAg 







with E trivial and G of unipotent class < m. By induction there exists a unique 
morphism (3 : U n -i ^ G such that (x*<fi) (/) = (x* f3) (w„_i). Pulling back the 
extension 



(175) 



first by the morphism j3 and then by the natural surjection U n — > U n -\ gives an 
extension of U n by E, which must split, as observed above. 

(176) 




Let 7 :[/„—> F denote the induced morphism, then {x*4>) ((x*^) (u n ) — /) = 0. 
Hence there exists some e £ x*E such that (x*ip) (e) = {x*j) (u n ) ~ f ■ Again by 
induction we can choose 7' : U n — > E with (x*"/') (u n ) = e. Finally let a = 7 — ^07', 
it is easily seen that (x*a) (u n ) = f ■ 

To show uniqueness, it suffices to prove that if (x*a) (u n ) = then a — 0. If 
(x*a) (u n ) — then x* (cf> o a) (u n ) — and hence by induction (j) o a = 0. Thus 
a factors through E and we can use the inductive hypothesis again to show that 
a = 0. □ 

Corollary 3.29. Every E in A/lsoc^ (X s / K(s)) is a quotient of U® m for some 
n,m eN. 



Proof. Suppose that E is of unipotent class < m. Let e±, . . . , e m be a basis for x*E. 
Then there is a morphism a : U® m — > E with every in the image of the induced 
map on fibres. Thus x*a is surjective, and hence so is a. □ 
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3.3.4. Proof of Theorem \3.16[ In this section we will prove that the U n extend 
to objects in J\f g F-lsoc* (X/K) ®k K(s), thus completing the proof of Theorem 

Em 

Following the lead of the previous section, if E € NgF-Isoc* (X / K) and i > we 
will denote by TVg*E the F-isocrystal "H} (jg+E)(— d). If i = we will generally 
drop R° from the notation. Our first task is to prove the following version of the 
projection formula. 

Proposition 3.30. Let E' 6 F-Isoc f {S/K) and E e F -TsoJ (X / K) . Then for any 
i > there is an isomorphism of F-isocrystals 

(177) B*g,(E <8u t 9*E') S TVg*E ® t 



Proo/. We first claim that for any £ e P-P'LhoiPx) and £' E F-D b sulhol {V s ) there 
exists a canonical isomorphism 

(178) g+(£ ®^ /) 4 g+(f) 8 M £'[ djc/s ]. 
Indeed, by [9], 2.1.4 we have an isomorphism 

(179) f+(£ ®^ f£') ^ f+(£) £'ldp/s] 

for any £ G P-P^i-hoi^ko) and ^' e ^-- D surhoi(^J>',Q)- Hence it suffices to show 
that for such £, £' which in addition satisfy M.T} X ,(£) ^ £ ^ ( t T)£ and £' ^ (t#)£' 
that 

(180) ^ ®£ iQ = £ ®£ >Q ^(tD/'f. 

By [S], Proposition 2.1.8 and the fact that £ = KTjr,(£), the LHS is isomorphic 
to WT} x ,(£ ® h ffl Q f£') while the RHS is isomorphic to RT X ,(£ ®^ ^T)f£'). 
Hence it suffices to show (using £ = (jT)£ ) that 

(181) ( f T)£ Q /'£' - £ 8^ (+T)/ ! £'. 
Since T is a divisor, both sides are just isomorphic to 

(182) ®lC T h® h J £®*i Q /'£' 

whence the claim. Now if we take £ — E and £' = E'[—dx/s] with £7, £' as in the 
statement of the proposition, then using the fact that tensor product and extraor- 
dinary pullback of overconvergent isocrystals are just the usual tensor product and 
pullback, we get an isomorphism 

(183) g+(E ®,t 9*E') SS g+(E) ® h / s E'. 
Hence using Proposition 13 . 18l we obtain an isomorphism 

(184) W- d {g+{E ®^ g*E')) ss W^ig+E) ®„t £' 

Since for any P-isocrystals G,G" and any n we have (G<g)^t G')(n) = G(n) G' 
the result now follows by taking Tate twists. 

□ 
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To proceed further, it may be helpful to define 

(185) R 5 * = g+[-d\(-d) : F-D b sul . hol (V x ) F-D b suAol (V s ). 

If we let h denote the structure morphism of S, then h+ og + = (hog) + implies that 
R/i* oRg, = R(/io^),, since the relative dimensions add and Tate twists commute 
with pushforward. By Fact 13.191 the complexes Rg*, R/i* etc. when applied to 
isocrystals are concentrated in positive degree, and by Facts 13.221 the cohomology 
sheaves of R/i* and R(/i og), agree with rigid cohomology, hence we get the exact 
sequence of low degree terms associated to a Leray spectral sequence 

(186) -> Hj ig (S, g*E) -> iJ r \ g (X, £) -> ff r ° ig (S, B}g*E) -> 

for any _E e F-Isoc^(X/if), which is compatible with the natural Frobenius struc- 
tures. Note that we get a zero on the RHS of this sequence because by assumption 
S is an affine curve and hence (S, g*E) = 0. Let W\ = 6 X . 

Theorem 3.31. There exists an extension W n +i of W n by g* (R 1 g*W^) v in the 
category J\f g F '-Isoc 1 (X j ' K) such that W n+ i\x B = U n +i and p*W n+ \ and g*W„ +1 = 
&g as F -isocrystals. 

Proof. The statement and its proof are by induction on n, and in order to prove 
it we strengthen the induction hypothesis by also requiring that there exists a 
morphism p*W^ -> of F-isocrystals such that the composite morphism G s = 
g^W^ = p*g*g*W„ -> p*W 7 ^ -> £r s is an isomorphism. 

To check the base case we simply need to verify that g*0 x = By the results 
of the previous section, we get a natural morphism G s — > g*@ x as ^ ne um ^ °f 
the adjunction between g* and g*. By naturality, restricting this morphism to the 
fibre over s gives us the unit K{s) — > H® ig (X s , ff x J of the adjunction between 
H® ig (X s , •) and • <S>k @ x > wmcn is easily checked to be an isomorphism. Hence by 
rigidity, Gg — >■ g*ff x is an isomorphism. 

So now suppose that we have W n as claimed. We look at the extension group 
(187) 

Ext F „ Isoc t Wi , ) (M/ n , 5 *(R 1 5 ^,r) v ) -» H^{X,WX 8^t ^(RW)")* 31 . 

The Leray spectral sequence, the projection formula above and the induction hy- 
pothesis that g*Wn =■ ffg gives us a short exact sequence 

(188) -»> H^(S, (Btg.WW) H^(X, W„ v 8^t g*(R}g*WW) _> . . . 

...^if r ° ig (5,fnd(RVO)^0 

which we claim is split compatibly with Frobenius actions. Indeed, pulling back to 
S via p gives us a map 

(189) H\ g {X, 8^ ^(R^^T) -> fl^^.p'W^ 8 4 (R 1 9 *W n v ) v ) 

which is again compatible with Frobenius. By the strengthened induction hypoth- 
esis, we know that the projection p*W n — >• ffX induces a map 

(190) H} ig (X,p*WX ®m (R X 9*0 V ) -► ffri g (5, (R 1 9 *O v ) 
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which is Frobenius compatible, and is such that the composite (dotted) arrow 



(191) 



HUS, (R^W^n ► HUX, W, 



S*(R 1 5*W n v ) v ) 



if r \ g (S, (R 1 fl# W^) v ) < H^(S,p*W^ ®„t 



(R 1 3*W^) V ) 



is an isomorphism. To see this, note that once the iJ 1 s have been identified with 
extension groups, the dotted arrow corresponding to pushout along the composite 
arrow &\ = g*W% = p*g*g*W^ -> P*W^ — > 0$, which is an isomorphism by the 
induction hypothesis. Thus the sequence (|188p is split as claimed. Let 



(192) 



vchL(x,w, 



g*(R}g*W^ 



be a complementary subspace to H^ ig (S, (R}g„,W^) v ). By naturality of the Leray 
spectral sequence we have a commutative diagram 



V ■ 



^HUS,£nd(R}g*WV)) 



(193) 



H^(X S , U% H} ig (X s ,UXr) — End K{s) (H^(X s , C/„ v )) 

where the left hand vertical arrow is given by restriction to the fibre X s , and the 
top arrow is an isomorphism. Moreover, all arrows in this diagram are compatible 
with Frobenius. 

The identity in F,ndjc( s )(H^i s (X s , U^)), which is Frobenius invariant and corre- 
sponds to the extension U n +i, lifts to the identity in H° ig (S, SiadCR 1 g^W^)), which 
can be identified with End Isoc t(5) (R}g and this element is also Frobenius in- 

variant. Since the upper horizontal map is an isomorphism, we can find a Frobenius 
invariant class in V mapping to the identity. We let W^ +1 be any corresponding 
extension (the map from the extension group as F-isocrystals to the Frobenius 
invariant part of H 1 is surjective). Now, we have a natural map 

(194) Ext F . Isoct(s/K) (4, (R 1 5*W^) V ) $ Ext F _ Isoc t WK) (VF„, ff *(R\g*VCn 

which has a splitting (denoted p*) induced by the map p*W„ —t&g, and such that 
whole diagram 
(195) 




9*(r i #:) v ) 



Ext 



F-Isoct(S/A:)l c7 5' 



Ext 



F-Isoct 



(x,K){W n ,g*{B} gtf WiiY) 



RELATIVE FUNDAMENTAL GROUPS AND RATIONAL POINTS 



o3 



commutes. We let W n +i be the extension corresponding to [W^ +1 ] — p*g*\Wn+x\ 
in Ext F _i soc t^ x /K)(^n i5*(R- 1 5 l *l^n ) V )- Note that this splits when we pullback via 



p* and then pushout via p*W^ 



and also has the same image as W^ +1 inside 



To complete the induction we need to show that g*W%, l = @ s , and that there 
exists a map p. M W^ +1 — > ffX as claimed. We have an exact sequence (using the 
projection formula and the fact that g*& x = t? s ) 

(196) -> g*W^ g*W: +1 -► R^.W? ->• . . . 

and by what we proved in the previous section, the left hand arrow restricts to an 
isomorphism on any fibre. Thus by rigidity it is an isomorphism. Finally, we have 
an exact sequence 

(197) -> p*Wl -► p*W n+1 -y (R 1 ff *W n v ) v -> 

which splits when we push-out via the map p*W^ — > fife. This splitting induces a 



map p*W^ +1 
(198) 



such that the diagram 



p*W, 




commutes. Now the fact that the diagram 

(199) 5 »W,y +1 >p*g*g*WX +1 




■*p*W. 



-*P*g*g*w% 




commutes implies that the composite along the top row is an isomorphism, finishing 
the proof. 

□ 



To complete the proof of Theorem 13.161 we now simply apply Lemma II. Hi using 
the canonical functor J\f g F-Isoc^ (X / K) -> A/^F-Isoc 1 (X/ 'K)® K K{s) to extend the 
W n to objects of the latter category. 



3.4. Extension to proper curves and Frobenius structures. In this section 
we use ad-hoc methods to define ir\ lg (X/ S, p) whenever S is a smooth, geometrically 
connected curve over k. Of course, since we will depend on the results from the 
previous section, we will assume that Hypothesis 13.131 

Lemma 3.32. Let j : T — >• S be an open immersion of geometrically connected 
affine curves over k. Then the canonical morphism tt^ s (Xt/T,pt) — > j*(ir™ s (X/S,p)) 
is an isomorphism. 
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Proof. By rigidity, it suffices to show that it is an isomorphism on stalks. But 
this follows from the fact that the induced map on stalks is just the canonical 
isomorphism 7r" s ((X T ) t , (p T )t) ^ 7r" s (X, (t) ,Pj( 4) ). □ 

Now suppose that S is a not necessarily affine curve. Let {Si} be a cover of S 
by affine curves, and let gi : Xi — > Si be the induced morphisms, and pi the 
induced sections. Let SV, = SiCiSj, and similarly denote gij, Xij,pij. The category 
F-Isoc* (S/K) is Zariski-local on S (Zariski-localness of Isoc^ (S/K) is Proposition 
8.f .5 of [40], the extension of this to take account of F-structures is straightforward), 
and the above lemma shows that we have isomorphisms 

(200) ^Ti x ilSi,Pi)\ Sij = n^iXij/Si^Pij) - ^ g (X 3 /S 3 ,p 3 )\ Sl] 

for all which moreover satisfy the co-cycle condition on triple intersections. 
Hence these objects glue to give an affine group scheme tt[ 1s (X / S , p) over Ftext-lsoc\S/K). 
Using the above lemma, it is easy to check that this object is independent of the 
choice of affine covering {Si}, up to canonical isomorphism. 

Definition 3.33. When S is a curve, we will denote by ir\ 1E (X/S, p) the affine 
group scheme just constructed by gluing, and not the object defined in previous 
sections. 

Now let / : T —> S be a morphism of smooth curves, geometrically connected over 
finite fields k' and k respectively. Let K' denote the unique unramified extension 
of K with residue field k' , we will denote by 

(201) /* : F-Isoc 1 (S/K) F-Isoc* (T/K ') 

the canonical functor, where the Frobenius on the right hand side is the if'-linear 
Frobenius. 

Lemma 3.34. (1) Let s G S be a closed point. Then there is an isomorphism 
^(X/S,p) s ^^(X s , Ps ). 

(2) There is a natural isomorphism t^ e (Xt/T,pt) — > f*(TT I 1 ls (X/S,p)). 

Proof. The first immediately follows from the corresponding result when S, T are 
affine. The second follows from the first - we have by functoriality a morphism 
which much be an isomorphism since it is so on fibres. □ 

Remark 3.35. If x £ X(S) is a(nother) point, then by exactly the same technique 
we can glue the path torsors over affine subcurves of S to obtain path torsors under 

4 s (x/s, P ). 

The upshot of the previous section is that we now have an affine group scheme 
Tt\ lg (X j S ', p) over the Tannakian category F-Isoc t (S / K) whose fibre over any closed 
point s is the usual rigid fundamental group n^ s (X s ,p s ) as defined by Chiarellotto 
and le Stum in [19] . In Chapter II of [18], Chiarellotto defines a Frobenius isomor- 
phism : tt[ 1s (X s ,p s ) —> ir" s (X s ,p s ), by using the fact that Frobenius pullback 
induces an automorphism of the category Nlsoc\X s /K). Since we hace constr- 
cuted ir T i S (X/S,p) as an affine group scheme over F-Isoc^ (S/K), it comes with a 
Frobenius structure that we can compare with Chiarellotto's. However, it is not 



RELATIVE FUNDAMENTAL GROUPS AND RATIONAL POINTS 



o5 



obvious to us exactly what the relationship between these two Frobenius structures 
is, so instead we will endow 7r" s (X / S ', p) with a different Frobenius, which we will 
be able to compare with the natural Frobenius on the fibres. 

Warning. From now onward, we will consider w" s (X/S,p) as an affine group 
scheme over Isoc ' (S/K) , via the forgetful functor. Note that Lemma 13.341 still 
holds, a fortiori, if we ignore the F-structure. 

Now, let as : S — > S denote the fc-linear Frobenius, X' — X x s. as S the base change 
of X by as, and <?x/s '■ X — > X' the relative Frobenius induced by the fc-linear 
Frobenius ax of X. Let p' be the induced point of X', and q = a x /s °P £ X'{S). 
Then by functoriality and base change we get a homomorphism 

(202) n^(X/S,p)^^(X'/S,q) 
and an isomorphism 

(203) n^(X'/S,p') ^ a* s n^(X/S,p). 
Lemma 3.36. We have p' = q E X'(S). 

Proof. The section p' is uniquely characterised by the fact that g' o p' = id, where 
g' : X' — > S is the structure morphism, and hop' = poas, where h : X' — > X is the 
canonical morphism. Thus we need to show that q also satisfies these properties. 
By definition, g' o q = g' o a x /s ° P = 9 ° P — id, proving the first, and h o q = 
h o ax/s °P = &x ° P- Hence we must show that poas— &x ° P, but this just 
follows from functoriality of the absolute Frobenius. □ 

Hence putting this together gives us a homomorphism <f> : tt" 5 (X / S , p) — > a s ir\ l6 (X/S,p). 
Lemma 3.37. This is an isomorphism. 

Proof. Let s S S be a closed point, with residue field k(s) of size q a . The map 
induced by </> a on the fibre 7r" s (X s ,p s ) over s is the same as that induced by 
pulling back unipotent isocrystals on X s by the fc(s)-linear Frobenius on X s . This 
is proved in Chapter II of |18) to be an isomorphism, thus 4> a is an isomorphism by 
rigidity. Hence 4> is also an isomorphism. □ 

We now let F* : crj7r" s (X/5,p) ^> ir" s (X/S,p) denote the inverse of 0, which by 
the proof of the previous Lemma, reduces to the Frobenius structure as defined by 
Chiarellotto on closed fibres. 

Definition 3.38. When we refer to 'the' Frobenius on ir" s (X/S,p), we will mean 
the isomorphism just defined. 

3.5. Cohomology and period maps. Our goal in this section is to define non- 
abelian cohomolgoy sets for the unipotent quotients ir" s (X/ S,p) n of 7r" s (X / s , p) 
as well as the period maps that we will use to study the set of rational points 
X(S). Our assumptions and notations will be exactly as in the previous two sec- 
tions. 

Let U be a unipotent affine group scheme over Isoc ' (S/K ) . Then a (right) torsor 
under U is an affine scheme P = Spec (&p) over Isoc* (S/K) together with a right 
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action P x U — s> P such that the induced map P x U — > P x P given by (g,p) *-> 
(gp,p) is an isomorphism. Form now on, unless otherwise specified, all torsors will 
be right torsors. 

Definition 3.39. H^ ig (S, U) is by definition the pointed set of isomorphism classes 
of torsors under G. 

Example 3.40. Suppose that U is the vector scheme associated to an overconvergent 
isocrystal E. Then Exemple 5.10 of [35] shows that there is a bijection H^ ig (S, U) 
H} ig (S,E). 

Now suppose that U is a unipotent affine group scheme over Isoc ' (S/K) together 
with an F-structure, that is an isomorphism <ft '■ a *sU — > U, where as denotes the 
fc-linear Frobenius on S. Then we can define an F-torsor under U to be a [/-torsor 
P, together with a Frobenius isomorphism <f)p : a* s P ^> P of affine schemes over 
Isoc' (S/K), such that the action map P x U — > P is compatible with Frobenius, 
in the obvious manner. 

Definition 3.41. Hp Ti (S,U) is by definition the pointed set of isomorphism 
classes of F-torsors under U. 



Given any torsor P under U, (J* S P will be a torsor under cr%U, and hence we 
can use the isomorphism 4> to consider a* s P as a torsor under G. Hence we get a 
Frobenius action <f> : H^ ig (S, U) — > H^ ig (S, U), and it is easy to see that the forgetful 
map 

(204) H Fjrig (S,U) -> H} is (S,U) 

is a surjection onto the subset H^ ig (S, U)^ =ld fixed by the action of <fr. Given any 
point x G X(S), we have the path torsors P(x) under tt\ 1s (X / S , p) as well as the 
finite level versions P(x) n . Moreover, these come with Frobenius structures, and 
hence we get compatible maps 

(205) X(S) ► H F ^(S,7ri ls (X/S,p) n ) 



H} ig (S^^(X/S, P ) n )^ d 

for each n > 1. These are the non-abelian period maps that we will use to study 
the Diophantine set X(S). 

In order to get a good handle on this 'non-abelian' H , and hence the period maps, 
we must first discuss the generalisation of Theorem 11.51 to non- neutral Tannakian 
categories via groupoids and their representations, following Deligne [23 . The rea- 
son for doing this is to obtain a generalisation of Example 12.51 that will give a con- 
crete way of calculating H^ ig (S, U). So let K be a field, and Y a if -scheme. 

Definition 3.42. A if-groupoid acting on Y is a if-scheme G, together with 
'source' and 'target' morphisms s,t : G — >• Y and a 'law of composition' o : G x s yt 
G — > G, which is a morphism of Y x^F-schemes (Gx.ytG considered as a Y xkY 
scheme via the composition of the projection to S with the diagonal Y ^ Y xk Y, 
G considered as a Y x k F-scheme via sxt) such that the following conditions hold. 
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For any i-T-scheme T, the data of Y(T), G(T), s, t, o forms a category, where Y(T) 
is the set of objects, G(T) the set of morphisms, s, t the soruce and target maps, o 
the law of composition. Moreover, we require that this category be a groupoid, i.e. 
that every morphism be invertible. 

Example 3.43. Suppose that Y = Spec (.ff). Then a i^-groupoid acting on Y is 
nothing but a group scheme over K. 

Definition 3.44. If G is a X-groupoid acting on Y, then a representation of G is 
a quasi-coherent ^y-module V, together with a morphism p(g) : s(g)*V — > t{g)*V 
for any if-scheme T and any point g £ G(T). These morphisms must be compatible 
with base change T" — > T, as well as with the law of composition on G. Finally, if 
id.y G G(T) is the 'identity morphism' corresponding to the 'object' y £ Y(T), then 
we require the morphism p(id y ) to be the identity. A morphism of representations is 
defined in the obvious way, and we denote the category of coherent representations 
by Rep(F : G). 

Example 3.45. If Y = Spec (K), then this just boils down to the usual definition of 
a representation of a group scheme over K. 

Now suppose that C is a Tannakian category over K, which admits a fibre functor ui : 
C — > Veci taking values in some finite extension L/K. Let pr^ : Spec (L ®k L) — > 
Spec (L) for i = 1, 2 denote the two projections. Then we get two fibre functors pr*o 
(J : C — > Modf . g . (L ®k L) taking values in the category of finitely generated L ®k L- 
modules, and the functor of isomorphisms Isom ®(pr^ o oj, prj o uS) is represented by 
an affine scheme Aut^(cj) over L ®k L. The composite of the map Aut^(w) — > 
Spec (L iS>k L) with the two projections to Spec (L) makes Aut ^-(aj) into a K- 
groupoid acting on Spec (L). Moreover, if E is an object of C, then u>(E) becomes 
a representation of Aut ^(oj) in the obvious way. Thus we get a functor 

(206) C -> Rep(i : Aut|(w)) 

and the main theorem (1.12) of [53] states (in particular) the following. 

Theorem 3.46. Suppose that C is a Tannakian category over K , and that ui : C — > 
VeCi is a fibre functor taking values in a finite extension of K. Then the induced 
functor C — > Rep(L : Aut ® (oj)) is an equivalence of Tannakian categories. 

Finally, to get the generalisation of Example 12.51 that we need, the following tech- 
nical lemma is necessary. 

Lemma 3.47. ( f23f , Corollaire 3.9). Let L/K be a finite extension, and G a 
K -groupoid acting on Spec {L), affine and faithfully flat over over Spec (L ®x L). 
Then any representation V ofGis the colimit of its finite dimensional sub-representat 

Now we can recast the definition of H^„(S,U) in a way that will make it more 
amenable to calculation. 

Definition 3.48. (1) Let G be a if-groupoid acting on Spec(L), with L a 
finite extension of K . Let P be a (group) scheme over L. Then an action of 
G on P is defined exactly as in Definition 13.441 where the morphisms p(g) 
are required to be morphisms of (group) schemes, and instead of s(g)*V 
(resp. t(g)*V), we take the fibre product P ><L,s(g) T (resp. P *L,t( g ) T), 
using the map s(g) : T — > Spec (L) (resp. t(g))to form the fibred product. 
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(2) Let U be a group scheme over L on which G acts. Then a G-equi variant 
torsor under U is a [7-torsor P over L, together with an action of G, such 
that the map P x U —> P is compatible with the G-action. Concretely, this 
means that p(g)(pu) = p(g)pp(g)u, wherever this makes sense. 

(3) If U is a unipotent group scheme over L with a G-action, we will denote by 
H 1 (G, U) the set of isomorphism classes of G-equivariant torsors under U. 

Example 3.49. If V is a representation of G, then Spec (Sym(V v )) naturally be- 
comes a group scheme over L with a G-action. We will refer to this latter object 
as the vector scheme associated to V. 

Corollary 3.50. If C is a Tannakian category over K , u) a fibre functor with 
values in L, then an affine (group) scheme over C 'is' just an affine scheme over 
L together with an action of Aut®(w), and morphism of such objects 'are' just 
Aut ® (uj)-eQuivariant morphisms. 

Remark 3.51. Of course, we are being very sloppy here as the identifications depend 
on the fibre functor uj. 

Now suppose U is a unipotent affine group scheme over lsoc f (S/K) as above. The 
upshot of all the above discussion is that for any closed point s G S, the unipotent 
group U s over K{s) attains an action of the if-groupoid Trf g (S,s) := Aut®(s*), 
and there is a natural bijection of sets 

(207) H^{S,U)^H\^(S,s),U s ). 

We will use this, together with Example 13.401 and induction, to get bounds on the 
'size' of H^ ig (S, Tt T ^ K (X/S,p) n ), at least in certain case when we can prove that this 
cohomology set is actually an algebraic variety. 

So suppose that Y = Spec (L), with L/K finite, and let G be a K groupoid acting 
on Y. Let U be a unipotent group over L, on which G acts. 

Definition 3.52. A 1-cocyle for G with values in U is a map of i^-schemes <\> : 
G — > U such that 

• The diagram 



(208) 




Spec (L) 



commutes. 

• For any Zf-scheme T, and and points g,h G G(T) which are composable 
in the sense that s(g) = t(h), the equality 4>{gh) = <j)(g) ■ p(g)((j)(h)) holds. 
This equality needs some explaining. By the first condition above, 4>{g) 
lands in the subset U ><L,t(g) T(T) of U(T) which by definition consists of 
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those morphisms T — > U which are such that the diagram 
(209) T > U 




Spec (L) 



commutes. Thus we can use the group law on U (over Y) to give U ><L,t(g) 
T(T) the structure of a group, and moreover, the action of G on U means 
that if g, h are composable morphisms in G(T), there is a homomorphism 
of group schemes p(g) : U y~L,t(h) T — > U *L.t(g) T. Thus the fact that 
t{gh) — t(g) means that the equality 4>(gh) — <f)(g) ■ p(g)(<f)(h)) makes sense 
inside U x LMg) T(T) C U{T). 

The set of 1-cocycles with coefficients in U is denoted Z 1 (G,U). This set has a 
natural action of U{L) via (<f> * u)(g) — (t(g)*u)~ 1 (f>(g)p(g)(s(g)* (u)). Again, this 
action needs some explanation. We can consider T as a L-scheme via t(g), and 
by t(g)*u we mean the element of U^ t^iT) given by pulling back u. Similarly 
we get s(g)*u G U L>S ^{T), here regarding T as a L-scheme via s(g). The action 
of G on U gives a homomorphism p(g) : U x.L,s(g) T(T) — > U ><L,t(g) T(T) and 
hence the equality (<j> * u)(g) = (t(g)*u)~ 1 (j)(g)p(g)(s(g)* (u)) makes sense inside of 
Ux LMg) T(T). ' 



The point of introducing these definitions is the following. 

Lemma 3.53. There is a bijection between the non-abelian cohomology set i? 1 (G, U) 
and the set of orbits of Z 1 (G,U) under the action ofU(L). 

Proof. Let P be a G-equivariant torsor under U. Then since any torsor under a 
unipotent group scheme over an affine scheme is trivial, we may choose a point 
p e P (L). Now, for any g 6 G(T) we can consider the points t(g)*p and s{g)*p 
inside P ><L,t(g) T(T) and P x L,s(g) T(T) respectively. We get a morphism p(g) : 
P x L,s(g) T — > P x L.t(g) T and hence there exists a unique element <j>(g) € U ><L,t(g) 
T(T) such that t(g)'*p<j)(g) = p(g)s(g)*p. Thus we get some (f>(g) G U(T), and the 
map g H> <p(g) is functorial, giving a map of schemes <p ■ G — >• U . The fact that 
4>{g) G U *L,t( g ) T{T) means that the diagram 



(210) 




Spec (L) 



commutes, and one easily checks that <j> satisfies the cocycle condition. A different 
choice of p differs by an element of U(L), and one easily sees that this modifies <p 
exactly as in the action of U(L) on Z 1 (G, U) defined above. Hence we get a well 
defined map 

(211) H\G,U) -> Z 1 {G,U)/U{L). 



Conversely, given a cocycle <f> : G — >• U, we can define a torsor P as follows. The 
underlying scheme of P is just U, and the action of U on P is just the usual action 
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of right multiplication. We use the cocycle <j> to twist the action of G as follows. If 
g 6 G(T), then we define p(g) : P x L,s( g ) T — > P ^L.t(g) T to be the unique map, 
compatible with the U action, taking the identity point of U x L a r g \ T = Px i|8 ( 9 ) T 
to <j)(g) E U y-LMg) T = P y-LMg) T. One easily checks that this descends to the 
quotient Z 1 (G, U)/U(L), and provides an iverse to the map defined above. □ 

We now want to investigate more closely the case when U is a vector scheme, coming 
from some finite dimensional representation V of G. In this case, we define, for any 
n > the space C n (G, V) of n-cochains of G in V as follows. We let G (n) denote the 
scheme of 'n-fold composable arrows in G\ that is the subscheme ofGxjf...x^-G(ii 
tcopies), consisting of those points (gi,..., g n ) such that s(<7») = t(g i+ i) for all i, by 
convention we set G (0) = Spec(L). Then the space of n-cochains is simply the space 
of global sections of the coherent sheaf (5")*V on G^ n \ where 5" : G^ — > Spec (L) 
is defined to be the map t o pr l7 where prj : G n — >■ G is projection onto the first 
factor. This can also be viewed as the set of morphisms G^ — > Spec (Sym(F v )) 
making the diagram 

(212) G(") > Spec (Sym(y v )) 

canonical 

Spec (L) 

commute, and hence we can define differentials d" : C n (G,V) -> G" +1 (G, V) 

by 

(213) (d n f)( 9l , . . .,g n+1 ) - P (gi)f( 9 2, ■ ■ • ,g n+ i) 

+ ( _1 )V(5'i 5 • • -,9i9i+i, • • • , fln+l) 

+ (-l) n+1 /(5l,---,5n) 

for n > 1, where gi, ■ ■ ■ ,g n +i are composable elements of G(T), and all the sum- 
mands on the RHS arc global sections of the sheaf t(gi)*V on V. For n — we 
define (d°f)(g) = p(g)f(s(g) — f{t(g))- It is easily checked that these differentials 
make C (G, V) into a chain complex, and we define the cohomology of G with 
coefficients in V to be the cohomology of this complex: 

(214) H n (G, V) := H n (C*(G, V)). 

Lemma 3.54. Let V be a representation of the groupoid G acting on Spec(i). 
Then there is a canonical bisection -ff 1 (G, V) —> H 1 (G, Spec (Sym(y v ))) 

Proof. Taking into account the description of the latter in terms of cocyles modulo 
the action of V, this is straightforward algebra. □ 

Now, although so far we have been working over a field K, exactly the same defi- 
nitions make sense over any If-algebra R, and we get the notion of an i?-groupoid 
acting on Spec (RxkL), as well as its cohomology. There is an obvious base 
extension functor, taking if-groupoids to i?-groupoids, and hence we can define 
cohomology functors H_ n (G, V) for any representation V of G. 
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Proposition 3.55. Suppose that G — Spec (A) is affine. Then for any K-algebra 
there are a canonical isomorphisms H n (GR 7 Vr) —> H n (G, V) ®k R for all n > 0. 

Proof. In this case, there is an alternative algebraic description of the complex 
C*(G, V). First of all, A is a commutative L ®k L-algcbra, hence A becomes an 
L-module in two different ways, using the two maps L — > L <E)k L. We will refer 
to these as the 'left' and 'right' structures, these two different L-module structures 
induce the same LT-module structure. The groupoid structure corresponds to a 
morphism A : A — > A ® l A, using the two different L- module structures to form 
the tensor product. 

The action of G on a representation V can be described by an L-linear map Ay : 

V — > V ®L.t A, where on the RHS we use the 'left' L-module structure on A to 
form the tensor product, and define the L-module structure on the result via the 
right L-module structure on A. This map is required to satisfy axioms analogous 
to the comodule axioms for the description of a representation of an affine group 
scheme. 

We can now see that the group C n (G,V) of n-cochains is simply the L- module 

V ®l A ®l . . . ®l A (n copies of A) . We can describe the boundary maps d n 
algebraically as well by 

(215) d n (v ® ai ® . . . ® a n ) = A v (v) ® ai <g> . . . <S> a n 



Note that these maps are if-linear, not L-linear. Exactly the same discussion ap- 
plies over any Lf-algebra R, and one immediately sees that there is an isomorphism 
of complexes C'(Gr, Vr) = C'(G, V) ®k R- Thus since any if-algebra is flat, the 



Remark 3.56. In other words, the cohomology functor H n (G, V) is represented by 
the vector scheme associated to H n (G,V). From now on, we will assume that 
G = Spec (A) is affine. 

If U is a unipotent group scheme on which G acts, we can also extend the set 
H 1 (G, U) to a functor of if-algebras in the same way. We can also define H°(G, U) 
to be the group of all u G U(L) such that p{g)s(g)*u = t(g)* for any g G G(T), and 
any Lf-scheme T. This also extends to a functor of if-algebras in the obvious way. 
It is straightforward to check that H°(G, Spec (Sym(V v ))) = H°(G,V) whenever 
V is a representation of G. 

Recall that if U is a unipotent group scheme, we define U n inductively by U 1 = 
[U, U] and U n = [U n ~\ U] and U n by U n = U/U n . Since U is unipotent over K, 
a field of characteristic zero we know that each U n /U n+1 is a vector scheme, and 
that U — Un for large enough N. The following is immediate from the proof of the 
previous theorem. 

Theorem 3.57. Let U be a unipotent group scheme over L, acted on by an 
affine K -groupoid G = Spec {A) acting on Spec(L). Assume that for all n > 1, 



n 




+ v ® ai (8) . . . <8> a n ® 1. 



result follows. 



□ 
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H°{G,U n /U n+1 ) = 0. Then the functor H}(G, U) is represented by an affine 
scheme over K . 

Proof. Note that the hypotheses imply that H° (G,U n /U n+1 )(R) = for all K- 
algebras R, and hence an easy induction argument shows that H_°(G,U)(R) = 
for all such U. 

We will prove the theorem by induction on the unipotence degree of U, and our 
argument is almost word for word that given by Kim in the proof of Proposition 2, 
Section 1 of (34]. When U is just a vector scheme associated to a representation of 
G, then we already know that H n (G, U) is representable for all n. For general U, 
we know that we can find an exact sequence 

(216) 1 -> V -> U -> W -> 1 

realising U as a central extension of a unipotent group of lower unipotence degree 
by a vector scheme. Looking at the long exact sequence in cohomology associated to 
this exact sequence, the boundary map H 1 (Gr, Wr) — > H 2 (Gr, Vr) is a functorial 
map between representables (using the induction hypothesis for rcprcscntability of 
H 1 (G, Wr)) and hence the preimage is an (affine) closed subscheme 

of H}(G, W), which we will denote by I(G,W). Thus we get a vector scheme 
H (G, V), an affine scheme I(G, W), and an exact sequence 

(217) 1 -> H}(G, V){R) -> H^Gr, U r ) -y /(G, VF)(i?) ^ 1 

for all i?. We now proceed exactly as in the proof of Proposition 2, Section 1 of [33] 
to obtain an isomorphism of functors H (G, U) = H (G, V) x /(G, W), showing 
that H (G, U) is an affine scheme over K. □ 

Corollary 3.58. With the assumptions as in the previous theorem, assume further 
that H l (G, U l /U t+1 ) is finite dimensional for each n. Then iJ 1 (G, U n ) is of finite 
type over K, of dimension at most ^7=1 dim^ H 1 (G, U l /U l+1 ) 

We now briefly explain how these results give us 'Selmer varieties' as the targets 
of period maps, under strong assumptions on the map / : X — >■ S. Recall that we 
have the period map 

(218) X(S) -> H^S^X/SM 

taking a section to the corresponding path torsor. Choosing a closed point s G S 
means we can interpret this map as 

(219) X(S) -> H 1 (7r(S,s),4 s (X s ,p(s)) n ) 

where n(S, s) denotes the fundamental groupoid of S at s, i.e. the groupoid associ- 
ated to the fibre functor s* , and 7r" s (X s ,p(s))„ denotes the n-step quotient of the 
unipotent fundamental group of the fibre X s . Thanks to the results of the previous 
section, this latter set has the structure of an algebraic variety over K, provided 
that 

(220) H? ig (S, ni ls (X/S,p) n /^ s (X/S,p) n+1 ) 

is zero for each n. If, for example, X is a model for a smooth projective curve G 
over a function field, then we expect this condition to be satisfied under certain 
non-isotriviality assumptions on the Jacobian of G. 
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